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In this chapter, we show how noncommutative analysis can be applied to a prob-
lem of interest in the theory of electromagnetic waves and plasma physics. From the
physical viewpoint, the problem describes electromagnetic wave propagation in spa-
tially inhomogeneous plasma. From the viewpoint of mathematics, this is a problem
of constructing the high-frequency asymptotics of the solution of an equation with a
nonsmooth right-hand side. The usual WKB scheme of constructing asymptotic solu-
tions fails for this equation, since, owing to the presence of the nonsmooth right-hand
side, each subsequent term of the asymptotic expansion is less smooth (or, if the reader
prefers it, more singular) than the preceding one, thus rendering the expansion use-
less. The remedy is to seek mired asymptotics of the solution to this problem, that is,
asymptotics simultaneously with respect to the large parameter and smoothness. The
subsequent terms of such an asymptotic expansion become more and more smooth and
decay as the large parameter tends to infinity more and more rapidly. This asymptotic
expansion is already adequate to the problem in question and permits one to obtain
experimentally verifiable results, in particular, those concerning the so-called transient
rays (forerunners).

The physical statement of the problem can be found in [1]. The construction of
mixed asymptotics in general by operator methods was considered in [2, 3] and other
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papers (e.g., see [4]). The specific application to this radiophysical problem was devel-
oped in [5, 6].

11.1 Statement of the Problem

We consider the following physical problem. In infinite space occupied by spatially
inhomogeneous plasma, a point source of electromagnetic waves is switched on at time
t = 0. The source frequency is high but can slowly vary in time, and so can the source
amplitude. The problem is to find the high-frequency asymptotics of the wave field
generated by the source.

Mathematically, the problem is described by the system of Maxwell equations for
the electromagnetic field incorporating terms that take into account the presence of
plasma. To reduce extensive computations and focus ourselves on essential points, we
adopt a simplified model assuming a scalar (rather than a vector) field and dealing with
one-dimensional rather than three-dimensional space. Then the problem is described
by the equation

2 2
—g—lg + cz% — N2 (2)u = A6 (2)0(t)r(t)e= D, (11.1)
where u is the unknown wave field, ¢ is the light velocity in vacuum, Ab(x) is the
so-called plasma frequency, Aq'(1) is the instantaneous source frequency, Ar(t) is the
source amplitude, §(x) is the Dirac function concentrated at the origin, and #(¢) is the

{0 t<0,
(1) =

1 ¢>0.

Heaviside step function,

A discussion concerning the derivation of this model can be found in [1]. Here we adopt
the model as being given and study the mathematical and physical consequences that
can be derived from it. Let us make a few remarks on the model (11.1).

A. Since the equation is linear, we see that the factor A on the right-hand side in
(11.1) is not very essential. It has been inserted to ensure a convenient normalization
of the solution.

B. We assume that the plasma frequency Ab(x) and the source frequency A¢'(t)
are of the same order of magnitude; namely, they both are O()), and A is regarded
mathematically as a large parameter in our problem. It can be thought of as the “mean
plasma frequency” or “mean source frequency.”

C. For physically meaningful solutions of Eq. (11.1), this equation with the step
function () on the right-hand side is equivalent to the following Cauchy problem with
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initial data prescribed at t = 0:

2 2

O T = M, 10, (112)
x

Uli=0 = tt|t=0 = 0. (11.3)

In turn, by virtue of Duhamel’s principle, the Cauchy problem (11.2)—(11.3) is equiv-
alent to the following Cauchy problem with zero right-hand side in the equation but
with nonhomogeneous initial conditions:

v 0%,
—w—l-c@—)\b(x)v:(), t>T; (11.4)
Vlier =0, vi],_, = 8(x)r(r)e ), (11.5)

More precisely, the solution of problem (11.2)—(11.3) (and hence of (11.1)) can be
reconstructed from that of problem (11.4)—(11.5) by the formula

u(x,t) = —/v(:z;,t,r) dr. (11.6)

Thus, physically, it is equation (11.1) that describes the model, but mathematically,
we shall mostly deal with system (11.4)—(11.5) and then return to the solution of the
original problem by integration.

The model (11.1) produces an interesting phenomenon, which is confirmed in exper-
iments: the presence of the so-called transient rays. One might expect that the wave
field is asymptotically zero outside the illuminated region swept by the geometric-optics
rays issuing from the point x = 0, where the source is located, for every ¢ > 0.

However, this is not the case. Some time before the rays of geometric optics reach a
given point xg # 0, it already becomes illuminated, as the so-called “forerunners” of the
main wave arrive at this point first. These forerunners propagate at a higher velocity,
but as A — oo their amplitude is of smaller order than that of the main wave. Thus,
an observer at a point xg sees the following picture. First, it is completely dark at x.
Then, at some time ¢y = to(x¢), the “forerunners” arrive, and there is some kind of
dawn. Finally, at ¢; = t1(2¢) the main wave arrives, and the point becomes completely
illuminated. (We should mention, by the way, that the forerunners continue to arrive
after t = t;(x¢). However, their amplitude is smaller in order than that of the main
wave, and so in the leading approximation the forerunners can be neglected in the region
t > t1(x0).) The rays along which the forerunners propagate are called transient rays,
and the ratio of the amplitude of the main wave to that of the forerunners is called
the diffraction coefficient. In physics, a customary way to compute the diffraction
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coefficient is as follows. One replaces (11.1) by a simpler exactly solvable model and
then computes the diffraction coefficient from the exact solution of the simpler problem.
It is assumed that the diffraction coefficient for the solution of the actual problem differs
only slightly from the one thus obtained. For example, Lewis [1] showed that for the
case of homogeneous plasma (b(x) = b = const ) Eq. (11.1) has the exact solution

t o]
ot r(t) iN(kz—q(7))
went) = g [ [ b e
0 —00

y {em/m(t—ﬂ — e_m/m(t—ﬂ} (11.7)

and then obtained the heuristic value of the diffraction coefficient by the asymptotic
analysis of the integral on the right-hand side in (11.7). In contrast, our computations
in subsequent sections result in a rigorous evaluation of the diffraction coefficient.

Now let us explain intuitively why the transient rays occur at all. It is well known
that the presence of the plasma frequency term A*b*(z) in Eq. (11.1) results in disper-
ston: waves with different frequencies propagate at different velocities. To see this, let
us assume for simplicity that b(x) = const and substitute the plane wave

¢($7 t) — ei/\(wt—kaﬁ)7

which propagates at the velocity
- w
cw) = L
into the homogeneous equation corresponding to
relation

(11.1). Then we obtain the dispersion

w? = Ak —b* =0,

whence, for given w,

and
w

Thus, waves with frequency Aw < Ab less than the plasma frequency do not propa-

dw)y=c

gate at all (at least in the semiclassical approximation), and waves of given frequency
Aw > Ab propagate at the velocity ¢(w) that decreases from +oo for w = b to the light
velocity in vacuum, ¢(o0) = ¢, for w = co. In particular, the waves generated by the
source at time ¢ > 0 propagate at the velocity ¢(¢'(t)). However, the source is switched
on by jump at ¢ = 0. The Fourier expansion of () contains components with all
possible frequencies Aw. Those with w < ¢'(0) propagate faster than the source field
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and form the above-mentioned forerunners. Those with w > ¢/(0) propagate slower
and, their amplitude being one order of magnitude less than that of the main field, can
be neglected against the background of the main wave.

This heuristic explanation also shows that the usual high-frequency (WKB) ex-
pansion that can be formally written out for the solution of our problem will fail to
represent the solution adequately at least in the regions where the transient rays are im-
portant: it does not take account of the frequencies occurring in the Fourier expansion
of the nonsmooth right-hand side and hence ignores the transient rays.

It follows that we must devise some procedure which would permit us to take the
high-frequency components of the singularities into account. A procedure of this kind
is well known for the case in which we deal with singularities alone: it is given by the
usual theory of regularizers for partial differential equations of hyperbolic type. Using
a regularizer, we satisfy the equation modulo an operator with smooth kernel applied
to the right-hand side. The new right-hand side thus obtained is smooth, and the high-
frequency components in its Fourier expansion decay rapidly. However, this method
does not take account of the large parameter A present in the equation and hence also
does not provide a correct asymptotic solution of the problem in question. What we
need is the mized asymptotics with respect to smoothness and the large parameter. In
the next section, we briefly explain the general noncommutative analysis approach to
obtaining mixed asymptotics, and in the subsequent sections we apply this method to
our problem.

We conclude this introductive section by Figure 11.1 schematically showing the
arrangement of geometric-optics and transient rays.

11.2 Mixed Asymptotics: the General Scheme

In the present section, we very briefly describe the general scheme used in noncommuta-
tive analysis to tackle with mixed asymptotics. A mized asymptotics is an asymptotic
expansion that combines two or more types of usual asymptotics. Suppose that we
need to find a mixed asymptotic solution of the equation

Lu=v (11.8)

in a Hilbert space H. Noncommutative analysis can be applied to this problem provided
one can implement the following scheme.

1°. We represent each type of asymptotic expansions involved by an unbounded
self-adjoint operator in H.

For example, if we deal with the asymptotics with respect to a large parameter
A, then elements of H depend on A and we represent this type of asymptotics by the
unbounded operator of multiplication by A. If we seek the asymptotics with respect to
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Figure 11.1: Solid lines, geometric-optics rays; dotted lines, transient rays; hatched
region, the domain spanned by transient rays issuing from the source at ¢t = 0

smoothness, then the corresponding operator will be, say, the differentiation operator

_iaa_x (or the n-tuple of these operators, one for each of the variables). If we seek
the asymptotics with respect to growth as infinity, then one possibly would wish to
take the operators of multiplication by the independent variables x; as the operators

representing this kind of asymptotics.
2°. Let Ay,..., A, be the operators assigned at step 1° to each kind of the asymp-
totics involved. We suppose that the operator

A=14) A2
7=1

is self-adjoint in H and define the scale of Hilbert spaces H®* = H? associated with the
operator V/A in the usual way. Namely, for integer s > 0, H® = H? is the domain of
A*/? equipped with the norm

[lulls = 1A 2ullo,

where || - ||o is the norm in H. For negative s, H?® is the dual of H® with respect to
the pairing given by the inner product in Hy. Then one has the dense embeddings

..CH,CHiCHyCHyCH_,C...,
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and all A;, as well as VA, extend to continuous operators in the spaces

A;: H® — H* ™Y g=1,....m, s €7,
VA HY — HY, s€Z.

3°. Now the notion of mixed asymptotics of the solution of Eq. (11.8) can be defined
as follows.

Definition 11.1 A mized asymptotic solution of Eq. (11.8) with respect to the oper-
ators Ay, ..., A, is a sequence u, of elements of H such that

Lu,—ve Hy, n=0,12,....

Definition 11.2 A mized asymptotics of a solution u of Eq. (11.8) with respect to the
operators Ay, ..., A, is a sequence of elements u,, € H such that

u, —u € Hy, n=012....

Proving that a mixed asymptotic solution is a mixed asymptotics of the solution
(possibly, after some shift in the indices of the sequence u,) can be reduced to proving
that the inverse L™! is bounded in the scale H, since

u, —u= L7 (Lu, —v).

The boundedness of the inverse L™ is usually proved by methods completely different
from those used to construct an asymptotic solution. We shall not consider these
methods in general, since they are equation specific.

Now we shall explain how to construct an asymptotic solution. To this end, one
proceeds as follows.

4°. Take some additional operators Bjy,..., Bs such that

1) By,..., B, are generators in the scale { H%} for suitably chosen symbol classes;
9 ” g A y y ’
. 1 m m+1 m+s .
(ii) the tuple (A1,..., Am, B1,..., Bs ) has a left ordered representation [y, ..., lyts;

(iii) L can be represented in the form

m m+1 m+s

1
L:f(A17---7Am7 Bl,..., BS)

with a symbol f in a suitable class.
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5°. Now the problem of finding L=! is reduced to the solution of the corresponding
equation in the algebra of symbols:

m—+s

1
f(llv' sy ) m-I-S)g(ylv' . '7ym+5) = 17 (119)

where g(y1, ..., Ymss) is the symbol of the desired operator L™!.
6°. Finally, we assume that the symbol f(y1, ..., Ym+ts) and the operators [y, ..., Lnys

are such that the operator f(ly,...,l,4s) can be represented in the form
)
1 m+s 2 i
f(llv"'v lm-I-S):H yv_la_y )

where the function H(y,p), referred to as the Hamiltonian of the operator L with
respect to the operators Ay,..., A, By,..., B, is asymptotically homogeneous in the
variables (Y1, .., Ym, Pm+1, - - -, Ds), that is, admits the asymptotic expansion

H(y,p) ~> Hi(y,p) as |wi|+...+ |ym| + [Pmt1| + ps] = o0,

where each H;(y,p) is homogeneous of order r — j:

H (115 s i Umts - s Yss Pl -« o> Py WP 1+ - - 5 fPs)
= /“Lr_jHj(yvp)v H > 07

where r is the order of H. Then we can apply the canonical operator method to obtain
an asymptotic solution of Eq. (11.9) modulo symbols decaying as rapidly as desired as

gl + - A+ [ym| = oo

m—+s

1
f(llv s 7lm+5)gN(y17 s 7ym+5) =1+ RN(y)v

N at

where the symbol Ry(y), as well as its derivatives, decays as (|y1]) + ... + |ym|)”
infinity with respect to the first m variables.

Then the operator

1 m m+1 m+s
RN(A17"'7AT)’L7B17"'7BS)
has a high negative order (tending to —oo as N — o0) in the scale HY}, and so the

sequence
m m+1 m+s

1
un :gn(A17"'7Am7 B 17"'7 B S)U
is an asymptotic solution of Eq. (11.8).
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A similar scheme applies if we have a Cauchy problem instead of Eq. (11.8).

We note that the exposition in this section is purely schematic. In specific appli-
cations of this approach, which is due to Maslov [2, 3] (see also [4]), one has to verify
various additional conditions to fill in the gaps in the above-mentioned scheme.

11.3 The Asymptotic Solution of Main Problem

We intend to find the asymptotic solution of problem (11.4)—(11.5) with respect to
smoothness and the large parameter o — co. Accordingly, the choice of the operators
A in the general scheme described in Section 11.2 is obvious:

Alz AQZ)\

The space in which our operators will act will be defined as follows:
H = Ly(R; x [1,00),).

Then A; and Ay (with appropriate domains) are self-adjoint in H, and so is A =
A? + A2 4+ 1. This permits us to accomplish the construction of step 2° and use the
interpretation of the asymptotics given in step 3°.

Now we proceed to step 4°. We must find an additional operator B such that the
o1 2
operator occurring in (11.4) is representable in the form of a function of A;, As, B.

(We can assign the same Feynman indices to A; and A,, since [A1, A3] = 0.) The
choice of B is however obvious, B = z, and we have the following representation of the
operator L occurring on the left-hand side in (11.4)

52 0? 112
L= —w—czA%—bQ(B)A%:_w_f(AlaA%B)v (1110)
where
f(p, X\, 2) = *p? +b*(2) N2 (11.11)

(We denote the arguments of the symbol by the letters p, @, A; it will be always clear
from the context whether & and A are variables (arguments of the symbol) or the
corresponding operators B and Ay of multiplication by x and A.)

We must find the asymptotic solution of the Cauchy problem (11.4)—(11.5) in the
scale H?® of Hilbert spaces of functions u(x, A), + € R, A € [1,+00), with finite norm

82 5/2

|Julls = ‘
L2(Rx[1,400))
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We seek the solution in the form of an operator

b = (A1, Ao, Bol,7) (11.12)

applied to the right-hand side of the nontrivial initial condition in (11.5):
o(t,7) = @ (8(2)r(r)e ) (11.13)

The initial conditions for the symbol ®(p, A, x, ¢, 7) are clear from (11.5):

{ O(p, A\, x,t,7)i=r =0,

(11.14)
Qi(p, N, 2, t, 7))z = 1.

To obtain an equation for ®, we must compute the left ordered representation of the

112
triple (A1, A2, B). This is however obvious. The left ordered representation for the

operators
1

2 0

T, —1 —
T Ox

has already been computed in Chapter 9. The operator A, of multiplication by A
commutes with the other operators, and hence is represented by the multiplication by
the corresponding variable. Finally, we have

0
Ay P oz’ Ay s B €
Then from (11.4) we obtain the following equation for ®:
Pe A% J s

As was explained in step 6° in Section 11.2, we need the asymptotic solution of this
equation (with the initial conditions (11.14)) as p = \/A%2 4+ p? — oo. Let us transform
Eq. (11.15) to a form in which the large parameter p occurs appropriately for the
application of the standard WKB method (or the canonical operator, according to
which is suitable). We isolate the large parameter in Eq. (11.15) by setting

p=wip and = wyp.

Then w} + w3 =1, and Eq. (11.15) acquires the form

9 2
g (% - pag) @ — w2 (a)® = 0. (11.16)
T
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The operator on the left-hand side in (11.16) is a p~*'-pseudodifferential operator, and
we can seek the solution of Eq. (11.16) with the initial condition (11.14) by the WKB-
method or its global version, Maslov’s canonical operator. According to this method,
the solution is sought in the form

(I)(pv )\,l’,t,T) = IC.C+ [S«Q-l—] + IC/L_[S«Q—L (1117)

where K¢, and Kz_ are the canonical operators on two Lagrangian manifolds £, and
L_ to be constructed in what follows. The presence of two terms in (11.17) corresponds
to the fact that Eq. (11.16) is of the second order.

At t = 7, the function ®; is represented in the form
Dfimy = 1 = P20 (00w, )

with zero phase function So(wy,ws, ) = 0 and unit amplitude ag(wy,ws, ) = 1. The
function ® itself vanishes at t = 7 and can be represented in a similar form but with zero
amplitude. Thus both functions correspond to the nonsingular Lagrangian manifold

Lo = {(x,9)]q =0} (11.18)

in the phase space beffq with the symplectic form dg A dz. Hence for small t — 7 the
components of the solution (11.17) will also be described by canonical operators with
nonsingular charts, and hence ® will be represented in the form

'S ? 77t7
O(p, N\, x,t,7) = ettty (o w0, xtT)

—I—GiPS‘(Wl’W?’m’T)a_(wl,wg, x,t,7).

The initial Lagrangian manifold (11.18) evolves into £ and £_ along the trajectories
of Hamiltonian vector fields corresponding to the two Hamiltonians Hy(wy,ws,,q)
associated with Eq. (11.16). The simplest way to see what these Hamiltonians are is
to substitute the test function

P, t) = eips(x’t)a(x,t) (11.19)
into Eq. (11.16) and write out the resulting Hamilton—Jacobi equation for S (which

is obtained by matching the coefficients of the highest power of p in the resulting
expansions.) The substitution of the function (11.19) into Eq. (11.16) yields

S ._182 9 95 -_182 272 _
{(W_Z'O a) —c (wl-l-%—lﬂ D —wpb(w) pa(z,t) =0,
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or, after matching the terms with like powers of p,

2 2
(%—f) —c (wl + Z—S) — wib*(z) =0 (11.20)
T

(the Hamilton—Jacobi equation)

0S5 0 as\ o  09*S 0*S L[ 9 0*
9o el I e B | H=0 (11.21
Hat ot (“l * 8:1;) gr o ale P (6t2 axz)}“(“” )=0 (L.2)
(the complete transport equation).
Once Eq. (11.20) is solved, we can seek the solution of (11.21) in the form of an
asymptotic series in powers of p~!. We shall return to the transport equation later on

in this section.
For now, we see that Eq. (11.20) splits into two Hamilton—Jacobi equations

a5 a5\ _
o T (“1’“2’ T Dz ) =9 (11.22)
Sli= =0
with Hamiltonians
Hy(wr,wa, x,q) = £1/A (w1 + q)? + b*(z)w3. (11.23)

The corresponding Hamiltonian systems are

dx A(wi + q) dq V(2)b(x)w3

—_— = , — = —2

dt w4 g + () A 2w+ ) + ()
for H,, and the same system with the opposite signs of the right-hand sides for H_.

The corresponding phase functions St are given by the Poincaré—Cartan integrals along
the trajectories of the respective Hamiltonian systems:

(11.24)

(wa(t,y7),t)
Se(wiwe,a,t,7) = / (qé — Hy)dt (11.25)

($07T)

Y

B / Awi(wy + q) + b*wi il
\/ wl + q —I_ bz( ) r=r0% (z,t,7)

where the 2% (z,¢,7) are the inverse functions for the z-component of the solution

T = l’i(xo,t,T), q= qi(l'oatﬁ)
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of the respective Hamiltonian system (11.24) with the initial conditions
zli=r = 20, qli=r = 0. (11.26)

(Needless to say, these functions also depend on wy, wy.)

After the preliminary explanations, let us find an asymptotic solution of Eq. (11.15)
with the initial conditions (11.14). Since the coefficients of the equation are independent
of ¢, it follows that the solution has the form

O(p, N, 2, t,7) =6 (p, A\t —7), (11.27)

that is, depends only on the difference t — 7 but not on ¢ and 7 separately, and it

suffices to solve the Cauchy problem for (i) with initial data prescribed at ¢t = 0 (that
is, solve the original Cauchy problem for 7 = 0). From now on, we omit the circle over
¢ and denote the right-hand side of (11.27) simply by ®.

Let £4(t),t > 0, be the Lagrangian manifold obtained from the manifold £ (11.18)
by applying the phase flow in time ¢ of the Hamiltonian system (11.24) corresponding
to the Hamiltonian [y (the upper sign in (11.23)). Thus, £, (¢) is the curve in R?
depending on the parameters (w;,ws) and described by the parametric equations

T = :1;"'(;1;071}), q= q+($07t) (1128)
(t is fixed), where
(27 (20, 1) = 27 (20,0,1),

(¢t (z0,t) = q*(20,0,1)) is the solution of the Hamiltonian system (11.24) with the
initial data
:1;"'(;1;070) = Zo, q+($070) = 0.

Next, on the manifold £y we consider the nondegenerate real measure

Lo = dx.

This measure is transferred by the Hamiltonian flow to £ (¢) for each value of ¢, and
so we obtain the following measure p4(t) on each £ (¢):

pi4(t) = dao,

where x¢ is the parameter in the parametric representation (11.28) of L4 (?).

Now let IC(lép (#).sis (1)) be the canonical operator with small parameter 1/p on the
manifold £ (#) with measure p4(t). Let ¢4 (20,t) be an arbitrary smooth function. We
interpret x¢ as a coordinate on L (t) for each given ¢, and so we can regard ¢4 (xo,1)



14 CHAPTER 11. HIGH-FREQUENCY ASYMPTOTICS

as a function on £ (t); thus we can apply the canonical operator K(léi(t)
obtain a well-defined function

(1) to it and

1
Uy(a,t,p) = IC(,//L:)_(t),u+(t))S‘Q+' (11.29)

(Again, the function U, (x,t,p) depends also on the parameters wy,ws, wi + wi = 1,
which we do not bother to write out explicitly.) Let us substitute the function (11.29)
into Eq. (11.16). Since the family £ () of Lagrangian manifolds is associated with the
Hamiltonian of Eq. (11.16), it follows from the general theory of the canonical operator

that
_, 07 A
[—,0 ik (wl —ip 16_:1;) — wyb’(z)

- 1 —
= —tp IIC(//L:).(t),u+(t))7D+S‘Q+ mod O(p™?),

U+($,t,,0)

where P, is the transport operator:

Papr =2 /2w + @) + b(a)wd|  [V(HL)]ps (11.30)

L4(1)

V(H4) being the derivative along the Hamiltonian vector field (11.24) corresponding
to the Hamiltonian Hy in the extended phase space with coordinates (¢, x,¢). In the
coordinates (xg,t), one has

0
VI(Hy)py = %

(20,1). (11.31)
Remark 11.3 For general Hamiltonians, the transport operator involves the sum
V(Hy) + F, where F is a smooth function computable from the Hamiltonian, rather
than the Hamiltonian vector field alone. The absence of the zero order term F in our
case is due to the fact that the operator in Eq. (11.16) is self-adjoint.

Thus if we take ¢4 (x0,t) independent of ¢, @i (x0,1) = @io(xo), where @ig is an
arbitrarily given initial function, then we obtain

U+($,t,p) = 0(10_2)7

L, P A
[—p 2@_02 (wl —p 18_:1;) — wib*(x)

that is, the function (11.29) is an asymptotic solution of Eq. (11.16) modulo O(p~?).
Now we can carry all the above constructions for the second Hamiltonian H_ (the
lower sign in (11.23)), thus obtaining a family £_(¢) of Lagrangian manifolds equipped
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with the measure p_(¢) and the corresponding canonical operator IClép( Ve (8))" This
canonical operator provides the second independent solution of Eq. (11.16) modulo
O(p~?), and now our task is to satisfy the two initial conditions (11.14).

To this end, we recall once again that for small ¢ each of the Lagrangian manifolds
L4(t) and L_(t) can be covered by a single nonsingular chart, and accordingly, the

)

canonical operators for these ¢ have the form

; —-1/2
— ewsi(whwml’i) [jzl: /

1
K (et matn Pt 1] (11.32)

wo=x9% (,t) ’
where the S (wy,wy,,t) are the functions given by (11.25) for 7 = 0, 2°%(z, ) is the
inverse function for x = 2% (x¢,t) (see (11.28)), and J is the Jacobian
0% (20,1)

8:1;0 '
The continuous branch of the square root of J in (11.32) is chosen such that /74 |i=0 =
1.

Now we take

TJr = Te(zo,t) =

1 1
o = IC(//;iW«+)SO+ + IC(//LP_M_)QO_ (1133)
and choose the functions ¢4 |1=o and ¢_ =g so as to satisfy the initial conditions (11.14).
Since
oS
Stli=o =1, a—ti = —Hi(wi,wq, x,0) = Fy/c2w? + b2(z)w3,
t=0

j—|—|t:0 = j—|t:0 = 17

we obtaln

0 = o = ¢ (2.0) + ¢ (,0), (11.34)

L= B0 = ipy/w? + B(a )t (- (2,0) — o4 (2. 0)) + O(p™").

We shall satisfy the initial conditions (11.34) in the leading term (the higher-order
terms will determine the initial conditions for the subsequent terms of the asymptotic
expansion of the solution, which we do not consider here). Thus, we neglect O(p~™') on
the right-hand side of the second equation in (11.34) and obtain

i
Ptli=0 = £ (11.35)
2,/2p? 4 b? () \?

(we have taken into account the fact that pw; = p and pwy = A). Now the functions
@4 (x0,1) are determined by (11.35) and by the transport equation

9,
a@i(l‘oat) =0, (11.36)
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which follows from (11.30)—(11.31), and we obtain the asymptotic solution in the form
(11.33). Finally, we take the operator (11.12) with the symbol (11.33), apply it to the
right-hand side of (11.5) as in (11.13) and use Duhamel’s principle (11.6) to obtain the
asymptotic solution of the original problem (11.10)—(11.11) in the form

: 1
u(x, A1) = —/CI) (iaax,)\,:%,t — 7') [5(:1;)7“(7’)6_Mq(7)]d7'. (11.37)
0

(We omit the Feynman index over A, singe A commutes with all other operators oc-
curring in (11.37).) Here the symbol ®(p, A, x,t) is given by formula (11.33) with
the functions ¢4 satisfying the transport equations (11.36) and the initial conditions
(11.35), and the Lagrangian manifolds £4(t), as well as the measures py(¢) on these
manifolds, were described in the preceding.

11.4 Analysis of the Asymptotic Solution

Now we shall analyze the asymptotic solution (11.37). Note that, according to the

general formulas for functions of the operator p = —iaa—x, one has

(rw) )= ()" [ e stoito) do
where
3 = () [eite)ds

is the Fourier transform of the function (). Accordingly, we can rewrite (11.37) in
the form

t oo
1 .
u(x, A1) = _ﬂ/ / O(p, N, x,t — 7)r(1) P2 dr dp, (11.38)
0 —oo

Next, let us assume that ¢ is sufficiently small, so that the expression (11.33) for ®
via the canonical operators contains only nonsingular charts on the entire integration
interval 7 € [0,¢] in (11.38). Then (11.38) can be rewritten in the form

t oo
1 .
u(:z;,)\,t) = R//{el(pl’—Aq(’T)—I—S_l_(p7x7A7t_7—))
0 —oo
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—-1/2

X [j+ (02 (p + %)2 + /\262(:1;))] (11.39)

_ei(pac—/\q(T)—I—S_(p,ac,A,t—T))

5 ~1/2
X [j_ (02 (p + aa%) + )\262(:1;))] }r(r) dr dp.

(Here we have transformed the expression for the amplitude using the fact that the
Hamiltonians H. are constant along the trajectories of the corresponding Hamiltonian
systems.)

Our analysis starts from the expression (11.39). First of all, let us discuss the model
case in which b(x) is independent of x, that is, b(x) = b = const. Then one can readily
compute the solutions of the Hamilton—Jacobi equations (11.22) with zero initial data.
Indeed, the Hamiltonians are independent of z, and hence the momentum is an integral
of the corresponding Hamiltonian systems:

os_os|
q_ax_ Oz t:O_ ’

It follows that the Hamilton—Jacobi equation (11.22) becomes

08
n + Hyi(wy,wa,2,0) =0,

or

a5
n +\/Awi + b2wi =0, (11.40)
St = Fity/c2w? + b2wi.

Next, from the Hamiltonian system (11.24) we obtain

whence we obtain

Ay tetw,

:t = :i:—7 T = I :i: — )
v/ C2wi + b2l \/ 2wi + b2w3

and so the Jacobian is constant and never vanishes:

Ox* B

J+
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Thus, the solution (11.39) becomes

t oo
1
u(:z;,)\,t) — 4_// (pr—Aq(T
0 —

et i(t—7)\/3Pp2+b2A2 _ ei(t—ﬂ')\/c2p2—|—b2/\2
02p2 _I_ b?)\Q

. t oo
7
4
0 —

ei/\(t—ﬂ')\/c2k2—|—b2 o e—i/\(t—ﬂ')\/c2k2—|—b2
dk dr
: NI ’

where we have passed to the integration over the wave number k = p/A. This just
coincides with the expression (11.3) obtained for the solution of the model problem by
Lewis [1].

X

dp dr

Remark 11.4 This is just a mere occasion that the WKB method has produced the
exact solution in this case. This often happens for equations with constant coefficients,
when the right-hand sides of higher-order transport equations vanish and one can
truncate the chain of transport equations after the first step, thus obtaining the exact
solution.

Now let us analyze the general case, in which the coefficient b(x) determining the
plasma frequency may be variable. We shall analyze the asymptotic solution by expand-
ing it in powers of A™! by the stationary phase method, which yields the asymptotics
of the wave field in regions that are of interest to us.

The expression (11.39) contains two terms, one corresponding to the Hamiltonian
H, and the second, to the Hamiltonian H_. We shall consider only the first term; the
second term can be analyzed in a similar way. Thus, we consider the integral

2/\{k1’ q(7)+S4 (kz,1,t—7)}

Ut (z, A, 1)
( (k + 22’ +62(:1;))

dk d; (11.41)

Stk

here we have again introduced the wave number & = p/A. The integral (11.41) is taken
over the infinite domain

{0 <7<t —o0 <k < oo},
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and the application of the stationary phase method (11.40) to it can be justified if the
stationary points of the phase function

Lik,m,t,2) = ke —qr + S4(k, 2, 1,t — 1) (11.42)

with respect to the variables (k, ) all lie in some bounded domain. If this is the case,
then we can use a partition of unity to reduce the integral (11.41) to an integral over a
bounded domain plus an integral over an infinite domain where there are no stationary
points. The second integral is O(A™>), which can be shown with the help of integration
by parts, and the first integral satisfies the conditions under which the stationary phase
method can be applied.

Thus we must analyze the stationary points of the phase (11.42) of the integral
(11.41). Since the integration domain has a boundary (7 = 0 and 7 = ), we must take
into account two types of stationary points:

A. “Interior” stationary points, that is, points at which
oL oL 0
ok or
(Of course, it may happen that an interior stationary point lies on the boundary.
Then it gives half the usual contribution.)

B. Boundary stationary points. These are points on the boundary 7 =0 or 7 = ¢ at

which
oL B

bk
Let us analyze both types of stationary points. For Si(k,x,1,1 — 7) we have the
expression

0.

Sy(k,a, 1, t—1) (11.43)

1 t—7
Ak(k To, b*(z(zo, d )
{m/[ (k + q(z0, €)) + (2 (20, €))] §}x0x0+(

z,t—7)
where the integral is taken over the trajectory of the Hamiltonian system corresponding
to Hy issuing at £ = 0 from the point 2° and entering the point z at time £ = ¢ — 7.
For interior stationary points, the equations read

g—ézx—l—%(l{,x,l,t—r):(),
o 95, (11.44)

5r = —¢'(t) — W(k,x,l,t —7)=0.
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Let us prove that system (11.44) has no solutions for |k| > Ky, where K is sufficiently
large. Since the function 54 (¢, x, A, 1) is first-order homogeneous in (g, A), it follows
that system (11.44) can be rewritten in the form

ot Lo (101 kst = 1) =0,
() k= B (e - ) =0

In the limit as k& — oo, this system becomes

:1;—|—aaS+(1:1;0t ) =0,

08
a—t""(l,x,(),t —7)=0.
However, straightforward verification shows that

Se(l,2,0,t —7) =c(t — 7).

(Indeed, this corresponds to the values wy = 1 and wy = 0.) Then ¢ = 0 in the
Hamiltonian system (11.45), and accordingly, ¢(¢) = 0. Thus (11.43) is reduced to

Sy = \/_/ Adé = c(t — 1),

as was shown above.
Hence we have

a8
871x0t T)=c#0
and, by a continuity argument,
054
ot (whx wa,t )%0

for w? + w? = 1, wy being sufficiently small. It remains to note that k = w; /w,.
Now let us study the boundary stationary points. At these points, one must have

OL _ 054

%= ka1t —7) =0 (11.45)

and either 7 =0 or 7 = ¢. For 7 = {, we have 5; =0 and
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and so (11.45) implies # = 0. Thus, the only case in which there are boundary sta-
tionary points on the surface 7 = ¢ is when we are at the location of the source. This
stationary points exists for all £ and hence is degenerate; we see that the stationary
phase method does not apply for @ = 0. But for « # 0 there are no stationary points
at all. Now let us consider the surface 7 = 0. To find out whether there are stationary
points for large k., which would prevent us from applying the stationary phase method,
we again pass to the limit as &k — oo. Straightforward computation shows that

.08
kli}rgo a—q(k,:z;, Lit—7)=c(t—7),

and so the limit equation obtained from (11.45) reads, for 7 =0,
z+ct =0. (11.46)

Accordingly, if  does not lie on the light cone! £ ¢t = 0, then all boundary
stationary points lie in a bounded domain. We have proved the following theorem.

Theorem 11.5 The stationary phase method can be applied to the expression (11.39)
of the solution u(x, A, t) of problem (11.2)—(11.3) provided that « # 0 and x does not
lie on the light cone x £ ¢t = 0.

For x satisfying the assumptions of the theorem, we can proceed with the application
of the stationary phase method.
Then the following situations can occur.

1°. The integral (11.41) has an interior stationary point k = k(x), 7 = 7(). This
corresponds to the so-called illuminated region. The asymptotics has the form

up(z, A\ t) = )\_1eML(k(g”)vg”vlvt—T(w))a(x) + O(}\—S/z)7
where a(x) is some amplitude factor determined by the second derivatives of L at the

stationary point and by the Jacobian.

2°. The integral (11.41) has no interior stationary points but has a boundary sta-
tionary point. In this case,

IAL(k(z),z,1,t)
up (A t) = A alz)

ot

+ O(A\7?), (11.47)
(k(x),x,1,1)

where k = k(x) is the equation of the boundary stationary point at 7 =0 and a(x) is
defined in the same way as in (11.26). We see that the intensity of the wave field is

'For S_, Eq. (11.46) becomes z — ¢t = 0.
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by a factor of A'/2 less than in the preceding case. This is the so-called umbral region,
and formula (11.47) describes the contribution of transient rays. The factor

1 1

T oL
S k() e 1) VER TR0 =g 10)

is known as the diffraction coefficient. Traditionally, it is represented in the form

1

K=",
Ws — Wo

where wg = ¢(0) is the instantaneous frequency of the source (ar ¢t = 0) and w, =

c?k? 4+ 0?(0) is the frequency corresponding to the given transient ray.

3°. The inner stationary point and the boundary stationary point merge. In this
case, the boundary stationary point is necessarily degenerate. We do not consider
this more complicated case but point out that the asymptotic expansion can also be
obtained by a sharpened version of the stationary phase method, which can be found

in [7].

4°. There are neither interior nor boundary stationary points. In this case, the point
x lies in the deep shadow region, where there are no forerunners or the main field, and
the solution is exponentially small as A — co. Note that the exponential (rather than
the power-law) decay of the solution must be proved by completely different methods.

Thus we have completed the asymptotic analysis of the simplest cases for the so-
lution of the equation describing the propagation of electromagnetic waves in plasma.
For large ¢, where the solution is given by the general canonical operator involving
singular charts, the analysis of the solution is more complicated, but the results are
physically the same.
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