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Abstract

We prove the existence of Hp�D��limit of iterations of double

layer potentials constructed with the use of Hodge parametrix on a
smooth compact manifold X� D being an open connected subset of

X� This limit gives us an orthogonal projection from Sobolev space

Hp�D� to a closed subspace ofHp�D��solutions of an elliptic operator

P of order p � �� Using this result we obtain formulae for Sobolev

solutions to the equation Pu � f in D whenever these solutions

exist� This representation involves the sum of a series whose terms

are iterations of double layer potentials� Similar regularization is

constructed also for a P �Neumann problem in D�

� Introduction

This paper is based on the following simple observation� Consider an op�
erator equation Au � f with a bounded linear operator A � H� � H�

in Hilbert spaces H�� H� and assume that for every u � H� the following
formula holds true

u � ��u���Au

where �� is a projection from H� to the kernel of A� Then one can hope
that� under reasonable conditions� the element ��f de	nes a solution to the
equation Au � f �

It is well known that Hodge theory for partial di
erential operator P
with injective symbol on a compact manifold X gives an L��orthogonal
projection to space of solutions to equation Pu � � on the whole X� In
this paper using the Hodge theory we construct an orthogonal projection
from Sobolev space Hp�D� D being an open connected subset of X and p
being the order of P � to a closed subspace of Hp�D�solutions to equation
Pu � � in D �see Sections �� �� Let us brie�y sketch some motivations for
this investigation�

First� local solvability for linear partial di
erential operators with injec�
tive symbol and smooth coe�cients is a long standing problem of the theory
of overdetermined systems �see� for instance� ���� With the use of this re�
sult we succeed in proving a representation formula for Hp�solutions to the
equation Pu � f on open subsets of X for an operator P with injective
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symbol whenever these solutions exist �see Section �� This representation
involves the sum of a series whose terms are iterations of double layer po�
tentials� while solvability of Pu � f is equivalent to the convergence of the
series together with the orthogonality to kerP � �the last one is a trivial
necessary condition�

The second motivation is that this method gives a possibility to con�
struct a similar regularization for a P �Neumann problem �see Sections ��
� For the Cauchy�Riemann system P � � in C n �n � �� the double
layer potentials involved in the regularization formulae are the Martinel�

li�Bochner integrals� In this case� results similar to ours were obtained
by A�V� Romanov ����

Theorem ��� Let D be a bounded domain in C n �n � � with a con�
nected boundary �D of class C�� and Mu is the Martinelli�Bochner integral
for u � H��D� Then in the strong operator topology of H��D there exists
a limit limN��MN � �� where �� is a projection from H��D onto the
closed subspace of holomorphic H��D�functions�

Using this theorem Romanov �see ��� obtained an explicit formula
for a solution u � H��D to the equation �u � f where D is a pseudo
convex domain with a smooth boundary� and f is a � �closed �����form
with coe�cients in H��D�

� Hodge theory on a compact manifold�

Let X be a C��manifold with dim X � n� E and F be smooth C �vector
bundles over X� and dop�E � F  be the vector space of smooth linear
partial di
erential operators of order � p between the vector bundles E
and F � Let E� be the dual bundle of E� and let ��� �x be a Hermitian
metric on E� Then �E � E � E� is de	ned by � �Ev� u �x� �u� vx �where
u� v are sections of E and � �� � �x is the pairing of E and E�� Let �q be
the bundle of complex valued exterior forms of degree q �q � �� �� � � � over
X� and dx be a volume form on X� We denote tP � dop�F

� � E� the
transposed operator� and by P � � ���E �

tP �F � dop�F � E the �formal
adjoint operator for P � dop�E � F  �see� for instance� ����

Let SP �U stand for the space of weak solutions to the equation Pu � �
on an open set U in X� For every domain �i�e� open connected set D
in X we will denote L��EjD the Hilbert space of all measurable functions
de	ned on D� for which �u� uL��EjD� �

R
D
�u� uxdx � �� We also denote

by Hm�EjD the Sobolev space of distribution sections of E over D having
weak derivatives in L��EjD up to order m and by SmP �D the closed linear
subspace of Hm�EjD of weak solutions of the equation Pu � � in D�
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Let T ��X be the �real cotangent bundle over the manifoldX and ��P 
be the principal symbol of the operator P � From now on we assume that
the symbol ��x� � is injective for all x � X and � � T ��X n f�g� Then
the Laplacian � � P �P is an elliptic operator of order �p on X and there
exists Hodge parametrix for it �see� for example� ���� x��

Theorem ��� There exist pseudodi�erential operators K � D��E �
C��E and � � D��E� D��E such that�

�	
 K is the L��projection on the �nite dimensional space SP �X having
the kernel K�x� y �

P
i hi�x � hi�y

� where fhig is an orthogonal
basis for SP �X�

�
 PK � KP � � � and �K � K� � ��

��
 � is a pseudodi�erential operator of order ���p and for all u � D��E
we have �P �P �u � u�Ku� ��P �Pu � u�Ku�

Then integrating by parts we see thatZ
X

� tP ���x� y� Pu�y �y dy �

Z
X

� K�x� y� u�y �y dy � u�x� x � X

����
for every u � Hp�E� Consider� for u� v � Hp�E� the Hermitian form

h�u� v �

Z
X

�Pu� Pvxdx �

Z
X

�Ku�Kvxdx�

Proposition ��� The Hermitian form h��� � is a scalar product in
Hp�E de�ning a topology equivalent to the original one� K is the orthogonal
projection with respect to h��� � from Hp�E onto S�X� Moreover denoting
by

Tf�x �

Z
X

� tP ��y��x� y� f�y �y dy

we obtain h�Tf� u �
R
X
�f� Puxdx for all f � L��F � u � Hp�E�

Proof� The coe�cients of P are C� � functions� therefore� Pu � L��F �
It follows from ���� that h�u� u � � implies u 	 � in X� Since ��� �x is a
Hermitian metric� h��� � is a scalar product on Hp�E� Because K is a
smoothing operator we conclude that k�kHp�E� is not weaker than

p
h��� ��

Further� ���� and boundedness theorem for pseudodi
erential operators
�see ���� ������� imply that there exists a constant c� � � such that for every

u � Hp�E we have kuk�Hp�E� � c�

�
kPuk�L��F � � kKuk�Hp�E�

�
� Since K is

a projection on a 	nite dimensional space SP �X we see that there exists
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a constant c� � � such that for every u � Hp�E we have kKuk�Hp�E� �

c� kKuk�L��E�� This proves the equivalence of the topologies�

If f � C��F � u � Hp�E then integrating by parts we deduce that
Tf � ��P �f� Therefore� due to Theorem ���� KTf � � and

h�Tf� u �

Z
X

�P��P �f� Puxdx �

Z
X

�P �P��P �f� uxdx �Z
X

�P �f� uxdx �

Z
X

�f� Puxdx�

Now� because C��F  is dense in L��F  we obtain the required statement
on the integral T �

Finally� for u� v � Hp�E we have

h�Ku� v � h�u� v� h�TPu� v �

Z
X

�Ku�Kvxdx�

i�e� K is a self�adjoint operator with respect to h��� � inHp�E withK� � I�
which was to be proved� �

Proposition ��� Let f � L��F � There exists u � Hp�E satisfying
Pu � f on X if and only ifZ

X

�f� gxdx � � for all g � kerT� ����

Moreover� if ��
 holds then PTf � f on X�

Proof� The necessity of ���� follows from Proposition ����
On the other hand� Theorem ��� and ���� imply that for every f �

L��F  we have TPTf � Tf � i�e �f �PTf � kerT � Since both f and PTf
are orthogonal to ker T we conclude that PTf � f � �

Remark ��� It follows from Proposition � that g � kerT if and only
if P �g � � weakly on X� i�e� ker T � S�

P ��X�

If P is included into some elliptic complex of di
erential operators on
X� say� fEi� P ig� for vector bundles Ei and P i � dopi�E

i � Ei�� where
P � P � then the cohomology of the complex is 	nite �see� for instance� ���
and condition ���� may be replaced by

P �f � � on X and

Z
X

�f� gxdx � � for all g � S�
P ��X 
 S�

P ��X� ����
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Remark ��� Since X is compact manifold and the complex �Ei� P i is
elliptic we see that the �harmonic� space H�X � S�

P ��X
S�
P ��X is �nite

dimensional�

Actually the Hodge parametrix may be useful on open subsets of X too�
Denote by GP ��� � a Green operator for P � dop�E � F  �see ���� p����

Let D be a relatively compact domain �i�e� open connected subset in
X with smooth boundary� De	ne the operators TD KD and M by

�KDu�x �

Z
D

� K�x� y� u�y �y dy �x � X�

�Mu�x � �

Z
�D

GP �
tP ��y�D��x� y� u�y �x � Xn�D�

�TDf�x �

Z
D

� tP ��y�D��x� y� f�y �y dy �x � X ����

for u � Hp�EjD� f � L��FjD
By boundedness theorem for pseudodi
erential operators �see ��� and

Stokes� formula we have

�Mu�x � �KDu�x � �TDPu�x �

�
u�x� x � D�

�� x � X nD
����

for every u � Hp�EjD� Then the boundedness theorem for pseudodi
eren�
tial operators implies that the integrals M � KD and TD given above de	ne
linear bounded operators M � Hp�EjD � Hp�EjD� KD � Hp�EjD �
Hp�EjD and TD � L

��FjD� Hp�EjD�

Example ��� Let Y be a relatively compact domain with smooth bo�
undary �Y in an open set �X � Rn � n � �� and P be an operator with
injective symbol on �X� Assume that P �P has a bilateral fundamental solu�
tion on �X and let � is the Green function of the Dirichlet problem for the
elliptic operator P �P in Y � Nacinovich and Shlapunov ��� constructed a
scalar product hD��� � on H

p�EjD de	ning an equivalent topology and such
that the limit of iterations of double layer potentials limN��MN gives the
orthogonal projection to Sp�D� They also proved that the integral TDf�x
satis	es hD�TDf� v �

R
D
�f� Pvxdx for all f � L��FjD and v � Hp�EjD�

This case corresponds to the Hodge decomposition for the Dirichlet problem
for P �P in Y with K � � �cf� also Schulze� Shlapunov� Tarkhanov
����

In the sequel we will prove a similar result for the integrals TD and M
in our more general situation�
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� Construction of the scalar product hD��� ���

For our purposes we need information on solvability of theDirichlet prob�
lem for the operator � � P �P on a subdomain D of X�

Let U be a neighborhood of �D in X� and Fj �� � j � p � � be
vector bundles over U � Fix a Dirichlet system� say� fBjg

p��
j��� of boundary

di
erential operators Bj � doj�EjU � Fj� This means that ��Bj�x� �
have the maximal ranks for all x � U and vectors � conormal to �D�

Problem ��� Let �p��
j��	j � �H

p�j�����Fjj�D and 
 � L��EjD� Find
a section 	 � Hp�EjD such that�

P �P	 � 
 inD�
�Bj	j�D � 	j �� � j � p� ��

We denote by Hp
� �EjD the space

H
p
� �EjD � fu � Hp�EjD � Bju � � on �D for � � j � p� �g�

Then H
p
� �EjD is the closure of D�EjD in H

p�EjD� In the following well�
known statement Z��D stands for SP �D
H

p
� �EjD and Z

�
� �D consists of

sections 	 � Hp�EjD satisfying
R
D
�	�x� v�xxdx � � for all v � Z��D�

Lemma ��� Problem ��	 is solvable if and only ifZ
D

�
� vxdx � � for all v � Z��D�

It has no more than a �nite number of solutions� the di�erence between two
solutions belongs to Z��D� Moreover� there exists a constant c � � such
that

k	kHp�EjD� � c

�
k
kL��EjD� �

p��X
j��

k	jkHp�j�����Fjj�D�

�
for every solution 	 � Z�

� �D of Problem ��	�

Let �Sp��XnD stand for S
p
P �P �X nD 
 Z�

� �X nD� Using Lemma ���
we obtain a linear isomorphism

R�

�Sp��XnD  v �� �p��
j���Bjvj�D � �p��

j���H
p�j�����Ej�D�

Composing �R��� with the trace operator

R�

Hp�EjD  u �� �p��
j���Bjuj�D � �p��

j���H
p�j�����Ej�D�
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we obtain a continuous linear map Hp�EjD  u� S�u � �Sp��XnD�
For u � Hp�EjD we introduce now the following notation�

U�u�x �

�
u�x� x � D�

S�u�x� x � X nD�

Because �BjS�uj�D � �Bjuj�D �� � j � p� �� we have U�u � Hp�E�

Theorem ��� The Hermitian form hD�u� v � h�U�u� U�v is a
scalar product in Hp�EjD de�ning a topology equivalent to the original
one� Moreover the integral TDf satis�es hD�TDf� u �

R
D
�f� Puxdx for

all f � L��FjD� u � Hp�EjD�

Proof� Proposition ��� implies that
p
�hD��� � is not weaker than the

standard norm k�kHp�EjD��
On the other hand�

hD�u� u � h�U�u� U�u � c� kU�uk
�
Hp�E� �

�c�
�
kuk�Hp�EjD�

� kS�uk�Hp�EjXnD�

�
for all u � Hp�EjD�

Now using Lemma ��� and continuity of the trace operator we see that there
exist positive constants c	� c
 such that

kS�uk�Hp�EjXnD�
� c	

p��X
j��

kBjuk
�
Hp�j�����Fjj�D�

� c
 kukHp�EjD��

for all u � Hp�EjD� This proves the equivalence of the topologies�

Proposition ��� For every u� v � Hp�EjD� f � L��FjD

hD�TDf� v �

Z
D

�f� Pvxdx�

hD��M �KDu� v �

Z
XnD

�PS�u� PS�vxdx�

Z
X

�KU�u� KU�vxdx�

Proof� Let f � D�FjD� Then TDf � Hp�E �and even in C��E� Let
us show that U�TfjD � Tf � For this we need to check that �TDfjXnD �
�Sp��XnD� However� TDf � Tf � ��P �f and therefore P �PTDf �
P �f �KP �f � P �f on X� Because f � D�FjD we see that P

�PTDf � �
in X nD� Since Z��X nD � Z�X and ��P �f is orthogonal to Z�X we
conclude TDfjXnD � Z�

� �X nD� as desired�
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Further� if u � Hp�EjD then Proposition ��� implies that

hD�TDf� u � h�Tf� U�u �

Z
X

�f� PU�uxdx �

Z
D

�f� Puxdx�

Since D�FjD is dense in L
��FjD and the operator TD is bounded� this

formula holds for every u � Hp�EjD and every f � L��FjD� Finally� ����
implies that

hD��M �KDu� v � hD�u� TDPu� v �Z
XnD

�PS�u� PS�vxdx�

Z
X

�KU�u� KU�vxdx�

�

This proves the theorem� �

Corollary ��� The operators TDP � Hp�EjD � Hp�EjD and �M �
KD � H

p�EjD � Hp�EjD are bounded linear self�adjoint non�negative
operators with kTDPk � �� kM �KDk � ��

Now it is easy to see that Z�
� �D is the orthogonal complement to Z��D

in the space Hp�EjD with respect to hD��� �� Indeed� Z��D � Z�X
because every element u � Z��D may be extended by zero from D to X
as a solution to Pu � � on X� Then S�u � � for all u � Z��D and
hD�u� v �

R
X
�KU�u� KU�vxdx �

R
D
�u� vxdx�

Corollary ��� implies that it is possible to consider iterations �M�KD
�

and �TDP 
� of the integrals �M �KD and TDP respectively in the Sobolev

space Hp�EjD� In the following statement ��  stands for the orthogonal
�with respect to hD��� � projection to a closed subspace  in H

p�EjD�

Corollary ��� In the strong operator topology in Hp�EjD

lim
���

�M �KD
� � ��SpP �D� lim���

�TDP 
� � ��ker�M �KD�

In the strong operator topology in L��FjD

lim
���

�I � PTD
� � ��ker�TD�

Proof� It follows from Corollary ��� that

lim
���

�M �KD
� � ��I �KD �M� lim

���
�I � PTD

� � ker�PTD�

lim
���

�TDP 
� � ker�I � TDP 

in the strong operator topology in Hp�EjD �see� for instance� ���� x�� or ���
for compact operators� Theorem ��� and ���� imply that ker�I � TDP  �
ker�M �KD� ker TDP � S

p
P �D and kerPTD � kerTD� �

�



� Solvability conditions for equation Pu � f

In this section we will use Corollary ��� to investigate solvability of equation
Pu � f in D� In particular� when it is solvable we will obtain an expression
of the solution by means of a series which can be computed from the data�

Corollary ��� In the strong operator topology in Hp�EjD

I � ��Sp�D �
�X
���

�M �KD
��TDP � ����

I � ��ker�M �KD �KD �
�X
���

�TDP 
�M� ����

In the strong operator topology in L��FjD

I � ��ker TD �

�X
���

P �M �KD
�TD� ����

Proof� Formula ���� implies that for every � � N

I � �I � PTD
N �

N��X
���

�I � PTD
�PTD� ����

It is easy to see from ���� that

�I � PTD
�PTD � P �I � TDP 

�TD � P �M �KD
�TD�

Then using Theorem ��� we can pass to the limit for N � � in �����
obtaining ����� The proof for ���� and ��� is similar� �

Theorem ��� Let f � L��FjD� There exists u � Hp�E satisfying
Pu � f on D if and only if

�� the series Rf �
P�

����M �KD
�TDf converges in Hp�EjD�

��
R
D
�g� fxdx � � for all g � ker TD�

Moreover� if �	
 and �
 hold then PRf � f on D�

Proof� The necessity follows from Theorem ��� and Corollary ����
Back� let �� and �� hold true� Then Corollary ��� implies that f �P�
��� P �M � KD

�TDf � Because the series Rf converges in Hp�EjD we
conclude that f � PRf � �

Nacinovich and Shlapunov ��� proved such a result for the case considered
in Example ����
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Remark ��� Corollary ��� imply that the solution u � Rf to equation
Pu � f in D belongs to �SpP �D

� where �SpP �D
� is the orthogonal �with

respect to hD��� �
 complement of SpP �D in Hp�EjD� it is the unique so�
lution belonging to this subspace� The partial sums RNf of the series Rf
may be regarded as approximate solutions to equation Pu � f in D� It
easily follows from Corollaries ��� and ��	 that RNf � �S

p
P �D

� for every
N � N and that limN�� kPRNf � f � ��kerTDfkL��FjD� � � for every

f � L��FjD�

Remark ��� Let us denote by �g the extension of g � L��FjD from D

to X by zero� Then � � TDg � T �g and therefore ker TD is the set of all
functions g from L��FjD satisfying P

��g � � weakly on X �see Remark ��
�

If P can be included into an elliptic complex �Ei� P i then condition ��
in Theorem ��� may be replaced by

��a P �f � � on D and
R
D
�g� fxdx � � for all g � ker TD 
 S

�
P�
�D�

Let� as before� fBjg
p��
j�� be a Dirichlet system of order �p � � on �D�

fCjg
p��
j�� be the Dirichlet system dual to fBjg with respect to Green formula

for the operator P �see� for instance� �!�� Lemma ����� and let

H�D � fg � L��FjD such that P
�g � �� P �g � � in D� weakly satisfying

the boundary conditions �tC�
j gj�D � �� � � j � p� �g�

We callH�D "harmonic# space for complex fEi� P ig inD� By the ellipticity
assumptions� H�D � C��FjD� It is not di�cult to show that for the
Dolbeault complex this de	nition of the harmonic space H�D is equivalent
to the one given in ���� It is easy to see that kerTD 
 S�

P ��D � H�D�
However the space H�D fails to be 	nite�dimensional in general �cf� Remark
����

� Applications to P �Neumann problem

In this section we show how Theorem ��� can be used to study the P �
Neumann problem associated to an elliptic operator P � dop�E � F �

Problem ��� Let 
 � L��EjD and 	j � H�j�������Fjj�D �� � j �
p� � be given sections� Find 	 � Hp�EjD such that��	

P �P	 � 
 in D�
tC�

jP	 � 	j on �D

�� � j � p� ��

��



The equation P �P	 � 
 in D has to be understood in the sense of
distributions� while the boundary values are interpreted in the variational
sense � Z

D

�
� vxdx�

Z
�D

p��X
j��

� ��FjBjv� 	j �y ds�y �

Z
D

�P	� Pvydy for every v � C��EjD� ����

Proposition ��� Let 
 � � and 	j � � for all � � j � p � �� Then
	 � Hp�EjD is a solution of Problem ��� if and only if 	 � S

p
P �D�

Proof� Obviously� 	 � S
p
P �D is a solution of Problem ��� with 
 � � and

	j � � �� � j � p� �� Conversely� if 	 is a solution of Problem ��� with

 � � and 	j � � �� � j � p� � then TDP	 � �� Hence

	 � �M �KD	 � lim
���

�M �KD
�	�

i�e� 	 � S
p
P �D �see Corollary ���� �

The operator P �P is elliptic with C� coe�cients� and the ranks of the
symbols of the boundary operators �tC�

j  are maximal in a neighborhood
of �D� Nevertheless� since� the space SpP �D is not 	nite dimensional in
general� Proposition ��� shows that Problem ��� may be ill�posed�

In the following theorem we set

fTD��	j�x � Z
�D

p��X
j��

� tB�
j �y��x� y� 	j�y �y ds�y�

V �
�x �

Z
D

� ��x� y� 
�y �y dy�

Theorem ��� Problem ��� is solvable if and only if

��
R
D
�
� vxdx�

R
�D

Pp��
j�� � ��Fj Bjv� 	j �y ds�y � �

for every v � S
p
P �D�

�� the series

r�
��	j �
P�

����M �KD
��V �
� fTD��	j

converges in the Hp�EjD�norm�

If �	
 and �
 hold then r�
��	j is a solution to Problem ��	�

��



Proof� Let Problem ��� be solvable and let 	 � Hp�EjD be a solution�

Then V �
�fTD��	j � TDP	� and� due to Corollary ���� the series RP	 �
r�
��	j converges in the H

p�EjD�norm�
Conversely� assume that �� and �� hold true� Let us prove that the

series r�
��	h satis	es ����� First� we note that

TDPr�
��	j � �I � �M �KDr�
��	j � V �
� fTD��	j� ����

Using ���� we see that for every v � C��EjD and x � D we have

v�x �

Z
D

� ��x� y� P �Pv�y �y dy��KDv�x�

Z
�D

GP �P ���x� y� v�y�

Then Fubini theorem and ���� imply thatZ
D

�Pr�
��	j� P vxdx �

Z
D

�TDPr�
��	j� P
�Pvydy�Z

�D

GP �P �TDPr�
��	j� v�y �

Z
D

�V �
� fTD��	j� P �Pvydy�Z
�D

GP �P �V �
� fTD��	j� v�y �Z
D

�
� v �KDvxdx�

Z
�D

p��X
j��

� �Bj�v �KDv� 	j �x dx�

Finally� since KDv � S
p
P �D condition �� implies that ���� holds� �

Of course� if Shapiro�Lopatiskii condition holds true for Problem ���
then this problem is a Fredholm one and the series r�
��	j converges for
all data 
 and 	j�

For P � � in C n a similar formula for solutions to the ��Neumann
problem was obtained by Kytmanov �see ���� p����� In the situation
considered in Example ��� such a theorem was proved in ����

� Examples

Let P be a homogeneous �l � k�operator with constant coe�cient in Rn

�n � � having injective symbol of order p � �� In this case P �P has
the standard fundamental solution � of convolution type� Then for n �

�p we have the Hodge decomposition in L��Rn with K � � and with �
"vanishing at in	nity# �see �!�� p� ��� In this case S�u � �Hp�Rn nD�k

is the solution "vanishing at in	nity# to the exterior Dirichlet problem for
P �P and D and we are able to consider the scalar product hD�u� v �R
Rn
�PU�v��x�PU�u�xdx on �Hp�D�k� Thus this situation corresponds

to compacti	cation of Rn with one point at in	nity�

��



Example ��� Let P be the gradient operator in Rn � Then ��P �P 
is the usual Laplace operator in R

n � � � 
n is the standard fundamental
solution to the Laplace operator in Rn � The compatibility complex for P is
de Rham complex and Problem ��� is the classical Neumann problem� It is
well known to be an elliptic boundary value problem�

Example ��� Let P be the Cauchy�Riemann system in C n � In this case
���P �P  is the usual Laplace operator in R�n � The compatibility complex
for P is Dolbeault complex and Problem ��� is the ��Neumann problem
�see� for instance� ���� It is well known to be an ill�posed boundary value
problem�

ACKNOWLEDGMENTS

The author thanks prof� N�N� Tarkhanov and prof� B��W� Schulze for many
useful remarks�

��



References

��� L� H�ormander� L��estimates and existence theorems for the � opera�
tor� Acta Math� ���	�
��� �! $���� �!���

��� A�M� Kytmanov� The Bochner�Martinelli integral� and its applica�
tions� Nauka� Siberian branch� Novosibirsk� �!!� �Russian�

��� M� Nacinovich� A� A� Shlapunov� On iterations of the Green in�
tegrals and their applications to elliptic di
erential complexes� Math�
Nachr�� ��� �!!�� ���$����

��� M�M� Lavrent�ev� V�G� Romanov� S�P� Shishatskii� Ill�posed
problems of mathematical physics and analysis� Nauka� Moscow� �!���
���pp�

��� S� Rempel� B��W� Schulze� Index theory of elliptic boundary prob�
lems� Akademie�Verlag� Berlin� �!���

��� A�V� Romanov� Convergence of iterations of Bochner �Martinelli op�
erator� and the Cauchy � Riemann system� Dokl� AN SSSR ��� 	���
���$���� �!��� English transl�� Soviet Math� Dokl �� 	�� �!���

��� B��W� Schulze� A� A� Shlapunov� N�N� Tarkhanov� Regulariza�
tion of mixed boundary problem� Prepr� !!%!� Institute f&ur Mathematik�
Universit&at Potsdam� �!!!� �� pp�

��� N�N� Tarkhanov� Parametrix method in theory of di
erential com�
plexes� Nauka� Novosibirsk� �!!�� English transl�� Complexes of di
er�
ential operators� Kluwer Academic Publishers� Dordrecht� NL� �!!��

�!� N�N� Tarkhanov� Laurent series for solutions of elliptic systems�
Novosibirsk� �!!�� English transl�� The analysis of solutions of elliptic
equations� Kluwer Academic Publishers� Dordrecht� NL� �!!��

��


	1 Introduction
	2 Hodge theory on a compact manifold
	3 Construction of the scalar product hsub(D) (.,.)
	4 Solvability conditions for equation Pu = f
	5 Applications to P-Neumann problem
	6 Examples
	Acknowledgments
	References

