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Abstract

Generalizing an idea of I� Vekua ��� who� in order to construct theory of
plates and shells� �elds of displacements� strains and stresses of threedimen�
sional theory of linear elasticity expands into the orthogonal Fourier�series by
Legendre Polynomials with respect to the variable along thickness� and then
leaves only �rst N	�� N 
 �� �� � � � � terms� in the bar model under considera�
tion all above quantities have been expanded into orthogonal double Fourier�
series by Legendre Polynomials with respect to the variables along thickness�
and width of the bar� and then �rst �N� 	 ��N� 	 �� N�� N� 
 �� �� � � � �

terms have been left� This case will be called �N�� N� approximation� Both
in general �N�� N� and in particular ��� � ��� � cases of approximation� the
question of wellposedness of initial and boundary value problems� existence
and uniqueness of solutions have been investigated� The cases when variable
cross�section turns into segments of straight line� and points have been also
considered� Such bars will be called cusped bars �see also ����

AMS subject classi�cation� ��C���
Key words� bar with variable cross�section� cusped bar� elastic bar�

� Some Auxiliary Formulas

Let a domain of R� occupied by an elastic bar be
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and de�ne double moments of function fand its �rst derivatives f�j as follows
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Therefore taking into account that
ni
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� Main Relations

The aim of this section is to reformulate the main relations of linear theory of
elasticity in terms of double moments of the sought �elds of displacements� strain
and stress tensors�

All double moments at the points 	x�� �� �
� x� � ��� l�� where at least one of
hi � �� i � �� �� will be considered as limits of the double moments calculated at
points where hi � �� i � �� ��

To this end let us recall the main relations of the linear theory of elasticity in
isotropic case
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The system 	����
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� is exact since it has been obtained as consequense
from exact equilibrium equations of linear theory of elasticity� Joining to the above
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� Initial and Boundary Value Problems

We assume that on surfaces
���

hi� i � �� �� of the bar surface forces 	which appear in
	���

� and on the ends of the bar either the components of displacement vector or
the componnts of the surface forces are given� or both are given mixed�

In 	N�� N�
 approximation if on the end of the bar �hi � �� i � �� �� then the
boundary conditions on the above end have the forms as follows�
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� Boundary conditions in displacements�
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where
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fj are given on the end constants� In dynamical case we have to add the
initial conditions as well�
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where
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gj are given on the end constants�

�� Mixed boundary condition are called such boundary conditions when either
on the one end the conditions 	��
� and on the another one the conditions 	���
� or
on the both ends for some indices the conditions 	��
 and for the remained ones
the conditions 	���
 are given�

If on the end of a bar at least one of �hi� i � �� �� vanishes then in the conditions
	��
� 	���
 the left�hand side terms should be understood as limits from the inside
of the bar provided that these limits exist� In some cases conditions 	��
 should be

replaced by conditions of boundedness of
r�s
vj�

To investigate the above problems one can use wide literature in ordinary dif�
ferential equations 	see e�g� ���
� and in hyperbolic partial di�erential equations 	see
e�g� ���
� But to apply them one needs some e�orts especially in case �hi	x�
 � ��
i � �� �� on ��� l��

If in the statical case hi � �� i � �� �� on ��� l� then the existence of a regular
solution in usual sense� taking into account that the system 	���
� 	���
 can be
reduced to the system of �rst order ordinary di�erential equations� in virtue of
well�known theorem 	see ���� p� ��
� follows from uniqueness of solution of above
problems which can be proved by means of potential energy similarly to ����

If in the statical case �hi	x�
 � �� i � �� �� on ��� l�� the following boundary
conditions can be set in the 	N�� N�
 approximation�
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The boundary value problems 	���
� 	���
� 	���
� 	���
� 	���
� 	���
� 	���
�
	���
� 	���
� 	���
� 	���
� 	���
� 	���
� 	���
� 	���
� 	���
� 	���
� 	���
� 	���
�
	���
 are uniquely solvable 	here we do not bother to make precise the appropriate
classes of solutions
� The problem 	���
� 	���
� 	���
� 	���
 is solvable up to the
rigid motion�

If the bar has cusped end 	i�e� at this end at least one of hi� i � �� �� van�
ishes
� and N�� N�  ��� in limit case 	which obviously coincides with the three�
dimensional case
 the boundary conditions 	���
� or 	���
� or both disappear� and

will be replaced by boundedness of
n� �n�
vj � j � � �� �� n�� n� � �� � ���� i�e� by bound�

edness of displacement vector in a neighbourhood of the corresponding end of the
bar�

If in a neighbourhood of a cusped end stresses are bounded then at the above end
all moments of stress vector will be equal to zero� Non�zero stress vector moments
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given at a cusped bar end mean that this end in the three�dimensional case is loaded
by concentrated surface force� and concentrated moments of coresponding order�

In the dynamical case to the boundary conditions 	���
�	���
 we have to add
initial conditionss 	���
 since hi	x�
 � �� i � �� �� by t � �� x� ���� l�� and therefore
the system 	���
� 	���
 is not degenerate for such 	x�� t
�

The 	���
 and 	��
 approximations have been considered in ��� and ��� respec�
tively�

Finally let us note that Mellin pseudo�di�erential operator theory developed by
Prof� B��W� Schulze 	see e�g� ���
 and his disciples has a good chance of success as
an important tool of investigation of mathematical models of cusped bars� and in
general� of bodies with non�smooth boundaries�
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