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Abstract

Generalizing an idea of 1. Vekua [1] who, in order to construct theory of
plates and shells, fields of displacements, strains and stresses of threedimen-
sional theory of linear elasticity expands into the orthogonal Fourier-series by
Legendre Polynomials with respect to the variable along thickness, and then
leaves only first N+1, N =0,1,---, terms, in the bar model under considera-
tion all above quantities have been expanded into orthogonal double Fourier-
series by Legendre Polynomials with respect to the variables along thickness,
and width of the bar, and then first (N5 + 1)(Ny + 1), N3, N3 = 0,1,---,
terms have been left. This case will be called (N3, N3) approximation. Both
in general (N3, N3) and in particular (0,0) (1,0) cases of approximation, the
question of wellposedness of initial and boundary value problems, existence
and uniqueness of solutions have been investigated. The cases when variable
cross-section turns into segments of straight line, and points have been also
considered. Such bars will be called cusped bars (see also [2]).

AMS subject classification: 73C99.

Key words: bar with variable cross-section, cusped bar, elastic bar.

1 Some Auxiliary Formulas

Let a domain of R® occupied by an elastic bar be

(=) (+)
Vi={(ar,x0,23) : 0 <2y <, hi(ay) <a; < hi(xq), 1 =2,3, [ =const}, (1.1)

) ) 1 |
th(l'l) = hz—hZZO, h; € C (],O,Z[), 1 =2,3.

2hs and 2hs be correspondingly the thickness and the width of the bar and their
maximal quantities be essentially less than the length [ of the bar.
Let further

flay,zg,25) € Cl(v)a
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and define double moments of function fand its first derivatives f,; as follows

(+) (+)
ho h
f (1’1) = //f(l’l, T, $3)Pn2 (Clgl'g — b?)Png (Clgl'g — bg)dl’gdl’g,
(=) (=)
ho hs
(+) (+)
ho ks
]f (z1) := / /fvj (21, 22, 23) Py, (agxy — bg) Py, (aszs — by)daadas,
(=) (=)
ho ks
n;=0,1,.... 1=2,3, 7=1,2,3,
where B
Loy G 2,3
@y h_iv [ h_iv [ Z—I_ iy L= 2,9,
P.., 1 = 2,3, are Legendre Polynomials:
+1
/P ()P (t)dt = 2
k l Qk—l-l klsy

c., ift= a;r; — bi,

/ Pyla;x; — b)) P(a;x; — by)agde; =y,
i

(1.3)

(1.4)

(1.5)

01 1s Kronecker symbol, indeces after comma mean differentiation with respect to

the corresponding variable.

Lemma 1.1

ng,ny  N3,N2 z2n3+5135 Siana+dias

o= +ZZG$ +E1(f),

i=2 s=0
where
. hiv T — (=1 |
an:::nih;, as:= (2s+1)—= T —, s#mn;, 1=2,3,

(1.6)

(1.7)



Some Auxiliary Formulas 3

(+)
hy
e (+) ) )
F1(f)3 = Z [ hs— zlf (51?17 22$2+5z3h275z3$3—|—522h3>
=G
hy
" (=) (=) (=)
+ (=)™ hs_iaf (51?17 22$2+5z3h275z3$3—|—522h3>]

Proof. First of all let us recall (see [3], p. 197)
P (a;x; — bi)(aix; — biy)

n; 0
= AgnZPnl(am — bz) —|— Z A;(an — 2(] —|— 1)Pnl._q(ai:1;i — bz), Z( . ) = 0,
g=1 g=1
(1.9)
where
(Z) ( 1)q(ﬁ)
: i, 1 —\— 7,1 ; .
A= — o = Al 1=2,3, ¢=0,1,2, .., (1.10)

and prime means differentiation with respect to the argument.
In view of (1.3), after integration by parts, since P, (1) = 1, and P,,(—1) =
(—1)"2, we have

- 3 9 (+) (+)
of = / Prg(aszs = bo)dws | o= [ [P, (azws = bo)dwy = f { w1 ha, v ) hoy
1
(=) )
h3 h2
(+)

(=)
‘|‘( )an <$1,h2, 903) hz 1= f Clzl'z - 62)(a2,1$2 - 52,1)d$2

h2
(+) (+)
a ha h
= a— Pn3 (Clgl'g — bg)dl’g / an2 (Clgl'z — bg)dl’g
Zq
(=) (=)
h3 h2
(
—h3 1/ (51?17 T, h3> P, (azxe — by)dxs
(=)
ha
(+)
ha

(=) (=)
—|—(—1)n3 h371 /f (l’l,l’g,hg) Pn2 (Clgl'g — bg)dl’z

(=)
ha
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(+) (+)
ha

— / / an2 (Clgl'g — bz)PéS (Clgl'g — 6371)(a371$3 — ng)dl’le’g

(=) (=)
ha ha

(+)
h

@[ (+)
—h2,1/f x1,hy, x5 ) Py, (aszs — bs)das

(=)
ha

(+)
ha

(-) (=)
+(=1)" h2,1/f <x17h27x3> P, (asxs — bs)dxs

(=)
ha

(+) ()

— / / anS (Clgl'g — bg)Pé2 (Clgl'g — bz)(alll’g — ng)dl’le’g.

(=) (=)
ha ha

Further, substituting (1.9) here, and taking into account (1.2),

n3,n2

1f =

X

(+)
3 ’L
ns3,n )
I ‘|‘Z /{ h5 i f (51?17 22$2+5z3h275z3$3—|—522 h3>
(=)
hs
o) ) )
(—=1)"5=" hs_iaf | @1, 02y + dishe,disxs + iz hs
P, (a;x; — b;)dx;

ASnSPn a3$3 — b3 —|— Z A2(2n3 — 2(] —|— 1)Pn3_q(a3:1:3 - bg)]

i

(=) ( )
ha hs
P (Clgl'g — bg)dl’gdl’g

/i

)
Pn3 (Clgl'g — bg)dl’gdl’g.

g=1

A2n2Pn a2$2 — bz —|— Z AS(QTLQ — 2(] + 1)Pn2_q(a2:1:2 — bz)]

g=1

After substitution n; — ¢ = s, we obtain

n3,n2 n3,n2

of

= f71 —I_Fl(f)
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//

hg h3
X Pn2 (Clgl'z — bg)dl’gdl’g

//

h2 hs

X Pn3 (Clgl'g — bg)dl’gdl’g, Z( . ) = 0.

s=0

n3— 1
A3n3Pn a3$3 — bg -I— Z AnS 5 25 + 1 P (a3$3 — 63)]

ny— 1
AQnQPn Clzl'z — bz —|— Z An _5 28 + 1 P (Clgl'g — bg)]

Therefore, introducing notations (see also (1.10))

Zln: = —niAé,
nd; = _(25 + 1)‘42 —s — _(25 + 1)Aéni—s)+25
= —(2s+4 1)AZ1 b S F Ny 1= 2,3,
follows
(+) (+)
2 h3 ns
1f = fal +E(f)+ / / fz ngis?) Py(asxs — b3) Py, (agxy — by)dxodas
= =0
o ha
(+) (+)
ha ha -
+ //f nész Py(agxy — by) Py, (asxs — bs)dxadas
s=0
(=) (=)
o hs

Thus, in virtue of (1.2),

ng,m2  N3,N2 n s,n " 3 s
f = fa RS +Z 2 +Z i)
and hence (1.6) is valid.
Lemma 1.2
ng,n2 ™ ng 8i35+8i2m3,80i25+ 830
zf = (79 —I'Fz(f)a Z:2737
s=0
where . [yt
| L Y

(1.11)

(1.12)

(1.13)
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@,
i (+) (+)
Fi(f) = / fla, disxa + dia hyy dinxs + di3 hy
(-)
hs_q
, (=) (=)
— (=)™ f a1, disxa + dizhidinas + dis hy
X Pn5_i(a5_i$5_i — b5_i)dl’5_i, 7 = 2, 3. (114)
Prof. First of all let us recall that
n;—1
1 ?
' (g — B — _(__1\nits b
Py (agr; = br) = 5 ;(25 + )1 — (—=1)™*)Py(azz; — by). (1.15)

Obviously, in view of (1.15), (1.13),

(+) (+)
h3 h2
2f = dx-?)Png (Cl351?3 - 53) /[an2 (Clzl'z - 52)]72 dx,
(=) (=)
h3 h2
(+) (+)
h3 h2
— dl’gpns (Clgl'g — bg) / fPé2 (Clgl'g — bg)dgdl’z
(=) (=)
h3 h2
(+)
ha
(+ § )
= Pns(azal‘:a—b:a) f $17h2751?3 - (—1) 2f $17h2751?3 dxs
(=)
ha
(+) ()
h2 h3 712—1
a .
- f% (25 + 1)[1 - (_1)%—'—5]]}5(@21?2 - b?)Png, (Cl351?3 - 53)d$2d$3
5=0
(=) (=)
ha hs
(+)
ha
+) : =)
= f l’l,hg,l’g —(—1) 2f l’l,hg,l’g
(=)
ha
712—1 n3,8
X Pn3 (Clgl'g — bg)dl’g + Z 3225 f .
5=0
Similarly
(+)
h2 na—1
n3,n2 (+) " (=) 2 na 52
3f = / f $1,$2,h3 —(—1) 3f $1,$2,h Pn2(a2:1;2—bg)d:1;2—|—2a35 f .
5=0
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Therefore taking into account that aj,, = 0, i = 2,3, we obtain (1.12).

2 Main Relations

The aim of this section is to reformulate the main relations of linear theory of
elasticity in terms of double moments of the sought fields of displacements, strain
and stress tensors.

All double moments at the points (x1,0,0), x; € [0,{], where at least one of
h; =0, 1 = 2,3, will be considered as limits of the double moments calculated at
points where h; > 0, ¢ = 2, 3.

To this end let us recall the main relations of the linear theory of elasticity in
1sotropic case

1 .

cij 1= luig +ugi), 1,5 =123 (2.1)

Xij = )\52](9 + 2M€ij7 0= Ukk Z,] == 1,2,3; (22)
Pu;

Xiji+X,=p G b= 1,2,3; (2.3)

where we use Einstein convention, and assume that Latin indices run the values 1,
2,35 u;, 1 =1,2,3, are displacements, ¢;; and X;;, 1,7 = 1,2, 3, are strain and stress
tensors correspondingly; p is density, A and g are Lame constants; X;, 5 = 1,2,3,
are components of volume force.

Multiplyng both parts of equations (2.1), (2.2), (2.3) by P, (azxs—bs) P, (asxs—
bs), and then integrating them with respect to x5 and 23 within hy and h)z,(h; and

(+)
hs correspondingly, taking into account (1.2), we imm ediatly obtain from (2.2)

n3,n2 n3,n na,no n3,n2 n3,no

Xij = )‘52] 0 —|—2M €ij, 0 = Ukk i,j: 1,2,3. (24)
From (2.1), we have
(+) )
ho h

n3,n 1 i ;
62']‘ = 5 / / UZ'7]‘Pn2 (Clgl'g — b?)Png (Clgl'g — bg)dl’gdl’g

(=) (=)

hy h
(+) )

1 2 3
+ 5 / / u]‘72'Pn2 (Clgl'g — b?)Png (Clgl'g — bg)dl’gdl’g, Z,] == 1, 2, 3.

(=) (=)

hy ha
Hence, in virtue of (1.6),

3 nq

n3,n2 n3,n2 n; - diama+8;35,8i3n2+852s
€11 = uy1+ g g as (5 +Fi(uy); (2.5)

=2 s=0
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in virtue of (1.12),

n3, n2 ni  6i35+8i2n3,8i25+8;3n02 .
= g s u; +Fi(u;), 1=2,3, (2.6)

hyphen under one of repeating indeces means that we do not sum with respect to
yp p g p
these indeces)

n3

271367;23 = Z a3s Uy 2 + Z 3§5n3u§ +F5(uz) + Fo(us); (2.7)

s=0

in virtue of both (1.6) and (1.12),

3 Nk
n3,n2 ns 72 ng ;. OSrana+Or3s,Spanatpas
2 €1; = —I' g ]g U;
k:? s=0
- Sias+Siana,dinst
n;  0435+0;2M3,0;25+0i37N2 .
+ s Uq +Fi(w;) + Fi(uy), 1=2,3. (2.8)
s=0

Let u;(zy,22,23) € C*(V), 7 = 1,2,3, then we have uniformly convergent
series as follows

uj(xlv Z2, 1’3)

1 1\ k.
= Z aods3 (k + 5) (l + 5) uj (l’l)Pk(Clgl'g — bg)P[(GQl’Q — bz) (29)
k,1=0
Consequently,
(%) (%)
uj | @1, 00T + &3 ho, di3x3 + dizhs

= 1 1\ k.
= Z o3 (k‘ + 5) (l + 5) u](wl)
k,[=0

() ()
X Py | as | di3x3 + dihs ) —bs ) P | az | dizxe + dishe | — by
1
k.l

X [ (£1)FPasey — by)+ + is(£1) Prases — b)), j=1,2,3, 1= 2,3,

similarly

(£) (£)
u; (51?17 dise + di2hi,0i0xs + 51'3hi>

- 1 1
= o3 (k + ) (l + —> ]Elj(l’l)

k,1=0
X [8i2(£1) Pe(azzs — bs) + Sia(£1)F Pr(azzs — by)], j=1,2,3,i=2,3,
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and, in virtue of (1.5),

(

=t

I
(Zi:l) 5_lh5_i71
(

(£) )
u; (51?17 dizxo + dishe,0i3x3 + 522h3> s (age; — by )da;

EL\

@
= (£1)" " hs—1

S L\ &t
kZl::O as (k —I_ 2) u] 522 :i:l 5]712 —I_ Z a9 (l —I_ ) u] 523(i1) 5]6713]

k,[=0

i as <k7+ %) (1) St + Z a <l+ 2) "y (£1)8:5

X
k=0
(:l:) o0 1 8ins+8;3m3,8i0n2+8;35
= (:‘:1)77‘5—’h5_2'71 ;GE)_i (3 -+ 5) (j:l)s 2 3 3uj2 5 3 7
j:172737 i:2,3,
similarly
(+)
h5 2

- 1 135 1273,0425 237 . .
= (£1)" Y (£1) <5—|—§>ai Sestbansdustoan: o 93 =23

s=0

Thus, in view of (1.8), (1.14),

), (
3
( ) (=) 1 8ias+8;3m3,0i2n2+8:3s
Fi(u;) = Z [ hs—iq1 + ( 1)5+n5" h5—i,1:| <S—I- 5) as5_; U

=2 s=
3 o]
= =30 S hia T o2, (2.10)
=2 s=0
= s 1 8ias+8;0m3,8:3m2 48525
Fiu)) = Y [1—(=1)""] (5 + 5) a; uj

s=0

J Y

_ Z bils a 5i38+5i2n31fg3n2+5i25 = 1.2.3.i =23 (2‘11)

s=0

ng 1 (+) (=) g 1
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i.e., in virtue of (1.7), (1.13),

b 1 gz

ng . nii17—, S =N, n 0= b, S =n.

al=4q " hy ais =< LR v (2.13)
T .
bia;, sFn,, bis ai, s #n;.

Soin (2.5)-(2.8), Fi(u;), i,7 = 1,2,3, are given by (2.10), (2.11) i.e., taking into
account (2.13),

3 o]
n3,n2 n3,n2 nz i z2n3+5135 513n2+5125 n . Sian3+8i35,8;05+8:3m2
€11 = urg + g g - g g 5 a; Uy
1=2 s=0 1=2
> - Siama+5:25,51254
n3,n2 ng ; N3,N2 L i2n3+0435,0;25+0;37M2
= U1+ g Ap; Uy — bs a; Uy ; (2.14)
1=2 s=n;
n;
n3,n2 ni  Sian3+8;35,8,05+83n2 Sian3+8i35,8;25+8:3n2
€ = g s U — g bw a; U
s=0
o]
iy Sian3+8i35,8;25+8:3m2 .
= - E bis a; Uy 5 1 = 2, 3, (215)
s=n;+1
n3 na no na o0 na
n3,ne 5,m2 n3,s 5,m2 n3,s
2 €3 = E bss as Uz—l-g bys ay U3—E b3sG3U2—E bys ay us
s=0 s=0 s=0
PO M Sinatbiasdnsts
¢ i2n3+0435,0,25+0;37M2
= — E E bis a; Us—4 5 (216)
1=2 s=n;+1
3 nq
n3,N2 n3,N2 nk 5k2n3+5k35 5k25+5k3n2 n;  Siana+di35,8;25+83n02
2 e; = Uz1—|-§ g a’s -|-§ Uis (231
s=0
3 00 00 )
Tk Sr2n3+3g3 5,025 +0kan2 i Sian3+8i35,8;25+8:3n2
— E E s a U — E bis a; Uy
k=2 5=0 s=0
3
n3,n2 ng L 7137712 5k2n3+5k3575k25+5k3n2
= U;1+ g Uy, E Uy
k=2 s=ny
0N Siomatbinsdiasts
¢ i213+0435,0;25+0:3M2 .
— g bis a; Uy , 1=2,3. (2.17)
s=n;+1
From (2.3), we have
+) )
ho  hs na,no
n3,ne 2 dj
Xij,ipng (Clgl'z — b?)Png (Clgl'g — bg)dl’gdl’g + XJ =p W, ] = 1, 2, 3.

(=) (=)
ha  hs
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Further, in virtue of (1.6), (1.12),

3 nq
n3,N2 i2n3+8;35,8i3n2+052s : Sian3+8i35,8;25+8;3n2

3 g
X1 + Zz%éé Xi; —I—Fl(le)—l—ZZc?fs Xij

1=2 s=0 1=2 s=0
3 n3 ,ny 2 ngﬁdﬂ?

+ ZFZ(X”)—I_XJ = r atzj ’ j:172737 n27n3:0717"" (218)
=2

But, in view of (1.8), (1.14),

3
Z Fi(XZJ)
=1
(+)
ha
(+) (+) . (-) (=)
:/ _hS,Ile Ty, %, hs -|-(—1) 3h3,1X1j Ty, %9, hs PnQ(Gzilfz—bz)dilfz
(=)
ha
(+)
ha

(+) (+) . (=) (=)
+ —ho 1 Xyj @1, ho, s ) + (=1)2he1 X1, | @1, ha, 23 || Pos(asxs — bs)das

(+) (=)
—|—/ |:X2] (l’l,hg,l’g) — (—1)n2X2] <$1,h2,$3>:| Pns(agl'g — bg)dl’g

(+) (=)
—|—/ |:X3] (l’l,l’g,hg) — (_1)713)(3] <$1,$2,h3>:| Pn2(a2:1;2 — bg)dl’g

(+) &)
_ / V31 le <$17 x27h3> + ﬂ){:&j (3?17 T2, h3> Pn2 (az:liz - bz)d:liz

(=) (=)
‘|’(_1)n3/ ﬂle <$17$27h3> + ﬂX:aj <$17$27h3> PnQ(Clzl‘z - bz)dl'z

N

(+) o)
—I-/ Va1 le <$17 h27 x3> + ﬂX?j <$17h27 x3> Pn3 (Cl3:1?3 - bS)d:L‘S
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hs [ (=) (=)
v (=) v (=)
+(—1)n2/ iXu <$1,h2,l’3> + inj <$1,h2,$3> Pn3 (Cl351?3 - 53)d$37

Vhy Vhy

J=123,

(:122 = COs <(1i/2',:1;i>::|:\/h;t, 1= 2,3,
(=)
L= cos (%Z,xj):;hm/h;t, P4 =23, j=123,

where

—1
T H N\ /@ S
hi = L4+ hia ) + | hiy , 1F ], 1,5 =2,3,

+ (£) : : : :
(1/)2' is normal of the surface x; = h;(21), ¢ = 2,3, directed exterior to the bar, i.e.

-1

[z BN ()
hi = 1 + hi71 , Vo3 = 0, V39 = 0.

So,
Hf;)
iF(X) ! /2)( ( (2)>P( by)d
i\ ) = +) | T1,ZT2,N13 np\A2T2 — 02 )AT2
=1 V h;‘ ) =

ha

(+)

ha

(—1)m (=)

—|— T X(;) X1,T2, h3 Pn2 (Clgl'g — bg)dl’z

? (=)

ha

Hf;)

1 (+)

+ \/E /X(z-I/-Q)] l’l,hg,l’g Pns(agl’g—bg)dl'g

(Z;

(+)

ha

(—1)ne (=)
+ T X(_) X1, hg, T3 Pn3 (Clgl'g — bg)dl’g
2 >
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hy
: 1 ) )
= Z / X 4 | @1, 00020 + disha, dighs + dizs | +
=2 h+ . Yo—iJ
(<) \/ e
hy
(—1)rs—s =) )
+ —— X () | 21,0079+ dizha, dishs + dizws
hg_Z Vs—iJ
x Py (aiz; = bi)dw;, J=1,2,3, (2.19)
where
C) @) (&) . .
X | 21, 0i2ha, + di3wa, dip3 + dishs | = Xyjvip, 1 =2,3, 1=1,2,3,
Vi j

() ()

X (51?1, dighg + 8319, 0013 + 5¢3h3>, 7 =1,2,3, are components of surface force

Vi j
: (£) . :

acting on the surface x; = h;(x1),7 = 2,3, from the outside of the bar.

From (2.18), (2.19) follows

n3,n2 - bions+8i35,8i25+83n0 N Si0m3+6;35,0i25+8;3n2
TS 5 SN (T AR T
=2 s=0
n3,n2 2 ”312”,2
+ XJQZ'OT?]’ j=1,2,3, n3,ny=0,1,..., (2.20)
where
(+)
3
Xj = Z 1 -|- h5 i, 1 X (y—l;))_i],(xlv dizty + 0ish2,0ishs + dizxs)
1=2 )
hy
=) (=)
+ n5 Al ] -I- h5 i 1 X (y—) y 51?1752'251?2 + 5i3h275i2h3 + 52'3903
x Py (ax; —b;)dx; + SX;), 7=1,2.3, ngny =0,1,...,
l.e.
nsm2 ’ 0\’ o )\’
Xj = Z L+ 1{ hs_i1) @ o ,j(xl) + (=D)AL + | hs—in ) Q g
1=2 -t V5 —q
+OX =123, ngns=0,1,..., (2.21)

with obvious expressions for @ 4, (x1).

Vi
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From (2.20), taking into account (2.12), (2.13), we obtain

n3 ,ny no n3,s n3, "3 n 5,12 n 5,12
X1 + Z ( 2 X+ Clzs Xz;) -|-Z (52 X -|-Cl§sX3]>
s=0
713,7102 82 713,712
+ X, =p 8t2 , 1=1,2,3, n3,n,=0,1,...;
n3,n2 1 I ngny C ! 7137 ng N3, ]
X1 + e noho1 X + Z b X1+ b2s Xy
2
L s=0 i
1 i ns,no ns—1 5,n2 ns §,n2 i
+ I nzhay Xij + Z 3 Xij+ bss X;
L s=0 _
n3,n2 82 713,712 )
—|— XJO e p atQ R ] = 172737 n37n2 = 0717....

Further, after multipling of both sides by h5*h5®,

n3,n2

hn2h X1]1 + ngh 2 hg 1h le —|—n3hn2hn3 1h31 le

n2—l n3,s n2 N3,
+ hp TRy <62 X1+ bas X2]>

s=0

713—1 5,12 n3 5,12
+ hRhETN Y (b% le+bgsxgj>

s=0
n3,n2 82 n3 ,712
+ hPRY XD = phy?hy aﬁ . J=1,2.3, ngny=0,1,---.

Finally

B R X
2 13 17 | 91

no—1 ns, ny na, nsy—1 5,15 na sma
R hE Y (b X1]+625X2]> +hphETt Y (b 3 X1]+635X3]>

s=0 s=0
T ¥e3 n37722 T ¥e3 82 n%j?2
21,13 _ 2 3 N _
+hy?hy® X7 = phy® hy 52 J=1,2,3, n3,ne=0,1,..., (2.22)
le.
n3,n2
T ¥e3
hy?hs? Xqj | a1
3 5 5 ni—l n; | 8i2n3+8i35,8,05+8;3n2 ni dian3+8;35,8;25+8;3n2
no—3d;0 1. ng—98;
+ § hy? ="l E bs Xy; + bis Xi;
1=2 s=0
n3,N2 2 32

7=1,2,3, ng,na=0,1,---.  (2.23)

no 1. N3 n2 pn3 u
+hy?hy X]Q = phy*hy 61‘2] )
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The system (2.20), i.e. (2.22), is exact since it has been obtained as consequense
from exact equilibrium equations of linear theory of elasticity. Joining to the above
system, the system, obtained from (2.4) after substitution of (2.14)-(2.17), which is
exact up to the Hook’s law, we have full system of equations containing as unknown

double momentsmﬂ?z), 7 =1,2,3, n3,ny = 0,1,..., of components of displacement
vector.

3 (N3, N;) Approximation

Now, we assume
n3,n2

uj =0, j5=1273, (3.1)
if at least one of the following conditions

n; > Ni7 1= 2,3,
is fulfilled. Then from (2.9), we get

uj(xy, g, x3) &

No N 1 1 1
% (mty) (m+3) s

no =0 n3 =0 )

a7 [(w2 = ha)* = 3] S (s —ha)* — 3]

% dxy? dx3? oy (21),
(3.2)
where
ns,no 713127;2 (l’ 1 )
v (z1) 1= , 3.3
) e T ) o
since
_ 9 ng
§ dm [(“’;h> _1]
i — hy 1 :
Pn (aixi bz) — Pn - = ) 7 n
¢ L hZ AL nz' d T, — hZ
h;
[@. —h) - 1}”’
dni ng — 2 Ty
N 2nin,! ¢ dx N 2rin R dx
because of
d d

i =2,3.
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Thus, from (3.3), (2.14)-(2.17), (2.4), we obtain:

n3,N2 n3,n2 h2 1 n3,n2 h3 1 7137712 : Siana+6i35,8;3n2+8i28
€11 = U1 +tng—— A Uy —|—n3— - g g ' (231
2

=2 s=n;+1
h21 7137712 h 7137712

— 27”62 + 1 27”63 + 1
(20 + 1) (ng 4 1)
. . . . N;
hgms-l-&sm+1hgz2n3+5135+1 R Sims4Sins Siastisns
h i S8
1

s=N;+1

n3,no
hn2+1 hng—l—l 1}171

3 N;

2. 2

=2 s=n;+1

since

1 i 1 (+) 5 (=)
@i =7 by, = {ni+ ) hix — (=1)"" hix| = (2n; + 1)hiq,

hNQ+1h713+1 ( 1 >
2 3 na+1lpns+1
hy* ™ hy 1

_ —(na 4+ DhPhy1h5 T — (ns + 1)h§2+1h§3h3,lhn2+1hn3+1
o hz(n2+1)h2(n3+1) 2 3
2 3

h h
= —(n2+ 1)}% — (n3 + 1)%;

N; & & 176; 8 1 .
n3,n2 h225+ aret h3 2netoiastl n, Sian3+3i35,6i25+8i3n2 . .
€y = — . is (o , 1= 2,3, (35)
K3

s=n;+1

N;

3
703,702
Yin=-3, )
=2

s=n;+1

hgi2n3+5i3 5+1hgi25+5i3n2+1 T Siana+8as,8i05+83m0

hi bis Us_; 5 (36)

713,712 n3 ,ny h h h h n3 ,ny
2" = u+[n e = 2t ) = (2 4 1) h] ;

B

3
L Sr2n3+3g3 5,025 +0kan2 T Sian3+8i35,8;25+8:3n2
— g g b s ay Uy — E bis a; (231

k=2 s=n;p+1 s=n;+1

3 Ng

_ no+1pns+1 n3,n2 E E
— h22 h33 z 1

= s=ni+1

hgk25+5k3n2 +1 hgkzns +orzs+l

by

W o

N;
Sr2na+Ox35,0p25+0k3 02 Z

7

hgi25+5i3n2 +1 hg&ns +éias+1 7
bis

Siana+0i35,8,05+08;3n2 .
X Uy , 1= 2,3, (3.7)
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n3,n2

Xy = ()\ + 2/“‘ 7137671121 ) Z n3,€7z22 _ )\ n 2/1) <hn2+1hn3+1 n3,221

3 N;
E E ’ h5’25+5’3n2+1h512n3+5’35+1h 1 b .512n3+5135U51@25+513n2

1=2 s=n;+1

Y

N;
i §ianz+8i3s,8;05+83n2
— A E E h5125+513n2+1h512n3+5135+1h b s
1=2

s=n;+1
(3.8)
ns,n2 ns,n2 ng,ny n3,n2 n2_|_1 n3+1 n37n2
X=X e+ 6-is—i) +(AN42u) € =M h3* T hy V11
> ol n 5 Sp35,8 5
Spos+8panotl Spons+8pas+ly —1 F ) Ok2NaT0k35,0k25+0k3Nn2
_ § § h2k2 k3722 h3k2 3+0k3 hk bk s
k=2 s=np+1
= 5 5 5 5 5
S5—i2s+85_iana+1; ds_iona+ds_sas+ly —1 ;7 5—i2nat05-i38,05-i25+05—izn2
g hz h3 h5 bs_; Us—g
s=ns—;+1
Al g 5:35,8 5
8 8 176; 5 17 — v 042m3+0¢35,0;25+03M2 .
_()\ + 2”) E h225+ 3n2+ h32n3+ 3s+ hz 1 bis 0; , 1= 2737
s=n;+1
(3.9)
n3,ne N3 ,na
Xoz = 2u 623
ol e 5:35,8 5
; . . . _ ¢ 213 +0i35,0i25+0:3Nn2
= —p § E hg’25+5’3n2+1hg’2n3+5’35+1 hz 1 bis Vs 7
1=2 s=n;+1
(3.10)
3.2 13,12 1 R
X1i=2u e =p <hn2+ hiet UZ 1
3 N .
_§ : E : hgk2s+5k3n2+1hgk2n3+5k35+1hlz1 éﬂ]§5k2n3+5k35£k25+5k3n2
k=2 s=ng+1
Si05+8iama+17 S;ons+6;3s+1 ’5z2n3+5135 5@25+513n2 .
E " hg Bl hl b, Li=23,
s=n;+1
(3.11)
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Substituting (3.8)-(3.11) into first (N3+1)(N2+1) equations of the system (2.23)
for fixed j = 1,2, 3, we will have the following system of 3( N3+ 1)(Ny + 1) equations
with respect to 3(Ns 4+ 1)(N2 4+ 1) unknown functions %Z(ml,t), r=0,N;, s =
0,N,, k=1,2,3:

ng,n2

n3,n2 s n3,n2 s o 1 713,7102
_I_E] <Uk71>+M] <Uk>+h22h33X]

ng,n2
82h7212+1 hgs-l-l U

= ph® B o I 5=1,23, n;=0,N;,, i=2,3,(3.12)

A+ 2 =1,
Af‘{u, j=23,

n3,n2 n3,n2
E;, M; are certain linear functions of their arguments, where r = 0, N5, s = 0, Ny,

k=1,2,3, in general, with unbounded integrable coefficients depending on x4, t.
The explicit form of (3.11) is as follows:
Ifj =1,

-+ 20) (B3R HT) = (A 20)

)

3 N;
. . . . _1 ™ Sanatdins,dinstdiansg
% (E E hg’25+5’3n2+n2+1hg’2n3+5’35+n3+1hi 1 bl 0y )
1

=2 s=n;+1

)

3 N;
. . . . _1 ¥ Sians+8iss,Sios+8iane
-\ ( § § hg’25+5’3n2+n2+1hg’2n3+5’35+n3 +1hi 1 bis V;
1

1=2 s=n;+1
3 n;—1 ]
ny—&i2 1 n3—8i3 Ty Sizs+8;3mo+1 7 diona+di3s+1
+ § hs hs § { bs [()‘ + 2p) (hz hs
1=2 s=0
Siana+8i35,6i2 54+ i Al
i2n3+035,0i25+0:3N2 ) 81a(8; 8; 1
v o _§ : E :h2k27’+ k3(8ias+8;3n2)+
k=2 r=8k2(8i25+38i3n2) 48k (8i2ns+8ias)+1
Suals 5 5 L Sp2(bios+8i3n2)+853(Siona+38i3s)
><h3k2( i2n3+8:35)+bpsr+ h[;l bf

8x2(8i2m3 +5i35)+5k37’75k27’+5k3(5i25+5i3n2))
X U1

N,
1) Srs(8; & 1 Spo(d; & 1) 1 —
_)\E : E h2k27’+ k3 (8i2s+8ian2)+ h3k2( ona+8;3s)+dpar+ hkl
k=2 r=8k2(8i25+38i3n2)+8ks(Si2ns+8;as)+1
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Sr2(dizstdianz)+0a(Siana+8ias) 52 (8i2na+8izs)+dpar Spor4Or3(Sias+dianz)

X bkr U;
U ) ) ) ) Siana+0i35,8;25+8;3n2
—I'M bis <hg’25+5’3n2+1hg’2n3+5’35+1 Vi
3 N,
h5k27’+5k3(5i25+5i3n2)+1 h5k2(5i2n3+5i35)+5k37’+1 h—l
- 2 3 k
k=2 r=8k2(8i25+8i3n2)+8ks(Si2na+8ias)+1

) 51‘ 51‘ 1) 5i 51‘
o k2 (Sizst 3n2)[;; ke (Sizna+bias) OS2 (Siana+8ias)+dpsrdpor+ps(Sias+dianz)
v;

r

N;
Sior+8;3(8i2s+8i3n2)+1 §i2(8iana+8ias)+biar+1 -1
_ E h2 h3 hZ

r=s+1

% by " R R XY

§i2(8ians+8;35)+8:iar,6:0r+6:3 (5i25+5i3n2)> } 13,12

92"y
:p@wﬂhyﬁlfayw n; =0,N;, 1=2,3; (3.13)

If j =23,

3 N
2no+17 2na+1 3,72 E : E : Skostoranotnotl 1 8xons+dpastns+ly —1 F 1
ILL <h2 2 h3 3 U]71> X _ /,l/ h2k2 k372 2 h3k2 3 k3 3 hk 5

)

k=2 s=ni+1

N]
><5k2n3+5k3 'Srl}(;k25+5k3n2 —I— : : hg]25+5jg712+712 +1 hgﬂ2n3 +5J35-|—713 +1 h]_l
s=nj+1

3 n;—1
5 §ioms+8,28,8i05+8am : [T
3273 235,032 2372 _5. _5. . . . .
% bls V1 + E h7212 5z2hgs i3 E m bi [hg’25+5’3n2+1hg’2n3+5’35+1
1 1=2 s=0

3

N,
Siana+8i3s,8i25+8i3n2 ) 81a(8; 8; 1
x b o E ’ E ’ h2k27’+ k3 (8i2s+dizn2)+

k=2 r=08k2 (§i25+38i3n2)+Ska(iona+8ias)+1
5un(s 5 5 L Sk2(8i25+8;3n2)+8k3(8i2na+8;35)
><h3k2( ions+8ias)+dkar+ h[;l bk

r

N]
Sr2(8iana+8i3s)+okar, Spor+dpa(dins+dianz) 8jar 4853 (8i2548:am2)+1
X v; — E h2

r=48;2(8i25+8:3n2)+8;3(8ions+8i35)+1

§50(8is+8i3n2)+6;3(8i2n3+8:35)
I

§50(8ions+38i35)+853r+1 —1
X D h;
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§50(8i2ns+8i38)+6;37,8,0r 4853 (8i05+8i3n2) 73,12
o7 + H; + b hye X

n3,no
0 "

T, niZO,NZ’, i:2,3,

2712-|—1 2713-|—1
phs hs

where
3 ng— 1

S S Sian3+8i35,8;25+8:3n2

2 =042 3043 y

H] E h h E bzs Xij y J = 2737
1=2 s=0

le.

na—1 na—1
2 nz N3,s 2

Hy = b2 15 Y by Xog #4532 13 Y by X
s=0 s=0

712—

3 N
- 13,5 5 5 1
— hnz 1 hns § bzs h;-l—l hgs-l-l V11— § § :h2k27’+ kas+

k=2 7’:5k25—|—5k3n3+1

Spos+bpans
5 5 1, _ Spona+dgar, Spar+dpas
xh3k2n3+ kar+ hk 1 bk oy

N3 N

— S TR b W) = 20 S RSP RETR by,

r=n3+1 r=s+1

713—

N;
nz pny—1 Sior+di3no+1p Sio5+83r+1
ke B E : 635§ RN B
1=2 r=&;ona+d;35+1
h_l Sizna+8iss Sios+8;37r,8i2m+0i3n2
X

i ir Us—4 9

na—1 na—1
2 ny N3,S &

Hy = 0 b3S byy Xog +h32 5737 boy X
3 = 2s A23 T+ 35 X
s=0 s=0
ng—1 N;

hn2—1 hns E b2s E E hgi27’+5i35+1

1=2 r=&;25+6;3n3+1

) ) 8i25+8iam2 §5ma+857,8i0m+6:38

> hgz2n3+5137’+1 hz’_l b

ir Us—;

713—

_ Snz
_I_hn2 hns E 635 h7212+1 hg-l—l Uy E E h5k27’+5k3n2+1

k=2 7’—5k2712-|—5k35-|—1
Spono+dyss
5 5 1 — Spos+8par, dpor+dxana
Xh3k25+ k3Tt hk 1 bk i

20

(3.14)
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N n2 gp N S ron
— > hyPhsthy! by, ﬁz) —(A2p) > hp TR ba by

r=no+1 r=s+1

(3.13) can be rewritten in the form as follows

Ifj=1,

3 N;
210417 2ns+173,72 Sio8+6;3n0+ns+1
()\—|-2M)<h22 h2ne U171>1_<§ E phizstbianatna

1=2 s=n;+1
i . Siona+di3s,0505+8:3m0

thi2n3+5i35+n3+1hi—1 {(}\ + 2/~‘) b;’ i

n;—1

3
o Siona+8a5,6i05+ i3m0 _5. iy ) )
_I_)\ bis 0; + E h7212 5z2hgs i3 E hg’25+5’3n2+1
1

s =2 s=0

Siama+8i35+1 i . iana+8i3s,8i25+8i3n2 T Siana+8i3s,8ias+8i3n0
X pgieteToes {()\ +24) b 01,1 +11 b Vi1

3 N,
h5k27’+5k3(5i25+5i3n2)+1h5k2(5i2n3 +8ias)+dpar+1 h—l
- 2 3 k
k=2 r=6p3(8i25+8i3m2)+8k3(fions+38i35)+1

Srol(d; & Srs(8; &
i . k2(Sizstdiana) 4 Oka(Siana+bias) OS2 (8iana+8ia8)+dpardpor+ks(Sias+dian2)

X | (A+2p) b bF Uy

+{Ape b + 11 bis by

TN

n; Ok2(Si2s+8iana)+Oka (Siana+8:as) g 5k2(5i25+5i3n2)+5k3(5i2n3+5i35)>

K3

N;
So(8iana+8:38)+8par,dpar+6y3(dizs+8;3n2) Siar+8i3(8ins+8i3ma)+1
x ' —n D ks
r=s+1

hé,g(5i2n3+5i35)+5i3r+1h_1 g g’ 51'2(5i2n3+5i35)+5i37’75i27’+5i3(5i25+5i3n2)}
7 1 Yis

Xhg U1
ns 2 Y S
+hP R X? = phyth p2ret —E ni=0,N;, i=23 (3.15)

4 Initial and Boundary Value Problems

(£)

We assume that on surfaces h;, i = 2,3, of the bar surface forces (which appear in
(2.21)), and on the ends of the bar either the components of displacement vector or
the componnts of the surface forces are given, or both are given mixed.

In (N5, Ny) approximation if on the end of the bar 2h; > 0, ¢ = 2,3, then the
boundary conditions on the above end have the forms as follows.
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1. Boundary conditions in displacements:

v;=1f;, =123 r=0,N; s=0,Ny, (4.1)
where fj are given on the end constants. In dynamical case we have to add the
initial conditions as well:

.8 a Uj 8

99](‘7;1)7 gr =0 = ¢j($1)7 (4'2)

b li=o =
L1 E]Ovl[v j:172737 TZO,N:)), 5:07N27

r T, . . T, . .
where ¢;, 1, are given functions, and f; should be, in general, functions of t.
2. Boundary conditions in stresses:

r,8 s

le =4y, j:1,2,3, TZO,Ng, SZO,NQ, (43)

where rg? are given on the end constants.

3. Mixed boundary condition are called such boundary conditions when either
on the one end the conditions (4.1), and on the another one the conditions (4.3), or
on the both ends for some indices the conditions (4.1) and for the remained ones
the conditions (4.3) are given.

If on the end of a bar at least one of 2h;, ¢+ = 2, 3, vanishes then in the conditions
(4.1), (4.3) the left-hand side terms should be understood as limits from the inside
of the bar provided that these limits exist. In some cases conditions (4.1) should be

replaced by conditions of boundedness ofrbsj.

To investigate the above problems one can use wide literature in ordinary dif-
ferential equations (see e.g. [4]), and in hyperbolic partial differential equations (see
e.g. [5]). But to apply them one needs some efforts especially in case 2h;(x1) > 0,
i =2,3,on [0,{].

If in the statical case h; > 0, ¢ = 2,3, on [0,] then the existence of a regular
solution in usual sense, taking into account that the system (3.14), (3.15) can be
reduced to the system of first order ordinary differential equations, in virtue of
well-known theorem (see [4], p. 146), follows from uniqueness of solution of above
problems which can be proved by means of potential energy similarly to [3].

If in the statical case 2h;(x1) > 0, ¢ = 2,3, on [0,(], the following boundary
conditions can be set in the (N3, N2) approximation:

n3,n2 n3.n2 N3 ,Na

v; (0)= 7, J=1,2,3, ny =0,N;, 1 =23, if Iy <+oo; (4.4)

na,no N3,N2
i) = ¢, =123, n;=0,N;, i=23, if [ <+4oo; (4.5)

_ N3 ,Np
v (1) =0(1), v1 = 04, 7=1,2,3, n;, =0, N;, 1 =2,3, if Ilp=~+o0; (4.6)
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n3,n2 . —_— . . N3Nz
v (1) =0(1), vy = (_, 7=1,2,3, n;, =0, N;, 1 =2,3,if [;=+4oc0; (4.7)

n nn37n2

. 2 113 )
lim hy?hs® Xq;(x4)
1 =04

3 Ny
I N 1.2n241 7 2ng41 7372 ) Sro5+(Sps+1)na+1
= lim {/\]h2 hs v — A E E hy

z1—0
* k=2 s=np+1

3
ng
Srast+(Spa+)ma+1, —1 1k Ok2na+0rss,duzstipan:
xhi hy” b 0] — [5AY -+ 8552 + Sja)p

=2

. N; hgizs-l-(&s-l-l)nz +1 hg&z-l-l)ns-l-&s s+1 h;lniiséiws +5i351}§iji§27125]3 }
s=n;+1
n3,m2 . ) o Na,Np
= 7, 7=1,2,3, n; =0,N;, 1 =2,3, if Iy < +oo; (4.8)
. P n§37n2 n37722 . " AT . Nz, N2
xlll—?ll_hQ hy® Xyj(e1) = o5, 3 =1,2,3, n; =0, Ny, 1 =23, if [, < +oo;  (4.9)

n3,m2 N3,M2 nz,np 13,12
0 ¢ 0 ¢ .
where 7, @7, 7, 9. are given constants,

€

N3 ,N>

Iy = /h;2N2_1(T)h52N3_1(T)dT, e = const > 0,

4
N3,N2

I, = /h;2N2_1(T)h52N3_1(T)dT, e = const > 0.
{—e

The boundary value problems (3.14), (3.15), (4.4), (4.5); (3.14), (3.15), (4.4),
(4.9); (3.14), (3.15), (4.5), (4.8); (3.14), (3.15), (4.4), (4.7); (3.14), (3.15), (4.5),
(4.6) are uniquely solvable (here we do not bother to make precise the appropriate
classes of solutions). The problem (3.14), (3.15), (4.6), (4.7) is solvable up to the
rigid motion.

If the bar has cusped end (i.e. at this end at least one of h;, 1 = 2,3, van-
ishes), and Nz, N3 — +oo, in limit case (which obviously coincides with the three-
dimensional case) the boundary conditions (4.4), or (4.5), or both disappear, and
will be replaced by boundedness ofnsb?z), J=1,2,3, ny,n3 = 0,1, ..., i.e. by bound-
edness of displacement vector in a neighbourhood of the corresponding end of the
bar.

If in a neighbourhood of a cusped end stresses are bounded then at the above end
all moments of stress vector will be equal to zero. Non-zero stress vector moments
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given at a cusped bar end mean that this end in the three-dimensional case is loaded
by concentrated surface force, and concentrated moments of coresponding order.

In the dynamical case to the boundary conditions (4.4)-(4.9) we have to add
initial conditionss (4.2) since h;(xy) > 0, ¢+ = 2,3, by t = 0, 21 €]0,![, and therefore
the system (3.14), (3.15) is not degenerate for such (x4,1).

The (0.0) and (1.0) approximations have been considered in [6] and [7] respec-
tively.

Finally let us note that Mellin pseudo-differential operator theory developed by
Prof. B.-W. Schulze (see e.g. [8]) and his disciples has a good chance of success as
an important tool of investigation of mathematical models of cusped bars, and in
general, of bodies with non-smooth boundaries.
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