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Abstract

We consider a G�invariant star�product algebra bA on a symplectic
manifold �M��� obtained by a canonical construction of deformation
quantization� Under assumptions of the classical Marsden�Weinstein
theorem we de�ne a reduction of the algebra bA with respect to the G�
action� The reduced algebra turns out to be isomorphic to a canonical
star�product algebra on the reduced phase space B� In other words�
we show that the reduction commutes with the canonical G�invariant
deformation quantization� A similar statement in the framework of ge�
ometric quantization is known as the Guillemin�Sternberg conjecture
�by now completely proved��

AMS subject classi�cation� primary ��F��� secondary� ��S��� ��H		
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� Introduction

We consider a symplectic manifold �M��� with a Hamiltonian action of a
compact Lie group G
 Let G� G� denote the Lie algebra of G and its dual

�



space
 Supposing that the classical moment map � � M � G� exists glob

ally on M � we denote by e�� e�� � � � � en a basis of G� Xe� �Xe� � � � � �Xen the
corresponding vector �elds on M and by �i � h�� eii their Hamiltonians

Clearly�

f�i� �jg � Xei�j � ckij�k ��
��

where ckij are structure constants of G and f � g the Poisson bracket on M 

Next we suppose that the assumptions of the classical Marsden
Weinstein

reduction theorem ��� are ful�lled�

�
 � � � is a non
critical value of the moment map�

�
 the action of G on the level manifold M� � f� � �g is free


Item � means that the di�erentials d��� d��� � � � � d�n are lineary independent
on M�� so by implicit function theoremM� is a smooth manifold
 From ��
��
it follows that M� is preserved under G
action
 Item � implies that M� is
a principal G
bundle over a base B � M��G which is the orbit space of
G
action on M�


The algebraical version of the classical reduction procedure is as follows

We consider the algebra of classical observables A � C��M� equipped with a
commutative pointwise product of functions and the Poisson bracket de�ned
by the symplectic form �
 De�ne a subalgebra of G
invariant functions

A� � fa � A � f�i� ag � �g � A ��
��

and an ideal J � A� consisting of functions a � A� which may be represented
in the form a � bi�i� so

J � fa � A� � a � bi�i� b
i � Ag� ��
	�

The reduced algebra is a quotient

R � A��J� ��
��

Like the original algebra A�R has a structure of the Lie
Poisson algebra
 It
means that there is a commutative product on R� as well as the Lie algebra
structure f�� �g compatible with the product�

fab� cg � fa� cgb� afb� cg� ��
��

inherited from A�


�



Theorem � �Marsden�Weinstein� There exists a symplectic form �B
on the reduced phase space B such that its lifting to M� coinsides with the
restriction of � to M�� The reduced algebra R is isomorphic to the Lie�
Poisson algebra C��B� with respect to the form �B�

A typical example of a classical reduction may be constructed starting
with any principal G
bundle P over a symplectic manifold �B��B�
 Let �
be a connection one
form on P 
 It means that � is G
valued one
form on P
with the properties�

i�Xei�� � ei� g�� � Adg���� ��
��

Here Xei denotes a vector �eld on P corresponding to ei � G

Let M � P � G� with the action of G

g�p� �� � �pg�Ad�g��

where pg denotes the right action of G on the principal bundle
 This action
preserves the form

� � �B � dh�� �i ��
��

which is non
degenerate for � small enough
 The moment map is

��p� �� � ��

In fact this example describes the general case� in the assumptions of the
Marsden
Weinstein theorem there exists an equivariant di�eomorphism f of
a G
invariant neighborhood of M� in M to a G
invariant neighborhood of
P � � in P � G such that

� � f���B � dh�� �i�

�the so
called normal form theorem ����

Passing to a quantum reduction� we �rst recall brie�y a canonical con


struction of deformation quantization �Section ��
 More details may be found
in ��� or in the book �	�
 The main technical lemmas concerning canonical
G
invariant deformation quantization are proved in Section 	
 They allow
to de�ne a quantum moment map� we show in Section 	 that the following
theorem holds


	



Theorem � Under assumptions of the classical Marsden�Weinstein the�
orem the quantum Hamiltonians b��� b��� � � � � b�n obtained by the canonical G�
invariant quantization of the classical Hamiltonian functions ��� ��� � � � � �n
satisfy the relations

i

h
�b�i� b�j � � ckij b�k� �����

Note that ��
�� is a quantum version of ��
��
 The existence of the quan

tum moment map was proved in the thesis of A
 Astashkevich ��� under
somewhat di�erent assumptions


Now we de�ne a reduction for the algebra bA of quantum observables
similarly to the classical case
 We consider an invariant subalgebra

bA� � fba � bA � �b�i� ba� � �g ��
��

and a left ideal bJ � bA� generated by b�i� that is

bJ � fba � bA� � ba � bbi � b�i� bbi � bAg
where � denotes a multiplication in bA
 The reduced algebra is by de�nition
a quotient bR � bA�� bJ� ��
���

The aim of this article is to prove the following reduction theorem for
canonical deformation quantization


Theorem 	 Under assumptions of the classical Marsden�Weinstein the�
orem the reduced algebra bR is isomorphic to the algebra obtained by the canon�
ical deformation quantization of the classical reduced algebra R � C��B��

In other words� the following diagram is commutative up to isomorphisms

A 	� C��M�
Q
�� bA


 


R 	� C��B�
Q
�� bR�

Here horizontal arrows mean canonical deformation quantization �G
invariant
for the upper arrow�� while vertical arrows mean reduction procedure for the
classical �left� and quantum �right� cases
 We prove this theorem �rst for
a particular case of the cotangent bundle of a Lie group �Section ��
 The

�



general case is considered in Section � using a modi�cation of the canonical
quantization procedure for non
trivial coe�cients bundles


Note� that the reduction procedure in geometric quantization was inten

sively studied in recent years
 The �nal proof of the Guillemin
Sternberg
conjecture ��� may be found in ��� ��
 In contrast� the literature concerned
with the reduction in deformation quantization is very poor
 Besides the
pioneer work ��� where a number of interesting physical examples was con

sidered using the �
product approach we mention the book �	� Chapter ��
where a weaker result was obtained only for the Abelian case


� Canonical Deformation Quantization

The canonical construction which we are going to describe brie�y deals with
sections of the so
called formal Weyl algebras bundle W over a symplectic
manifold M 
 Such a section is a �function�

a � a�x� y� h� �
�X

k�j�j��

hkak���x�y
� ��
��

where x � M� y � TxM� 	 � �	�� 	�� � � � � 	�n� is a multy
index� y� �
�y�����y���� � � � �y�n���n � where y�� � � � � y�n are coordinates of the vector y in
a local frame of the tangent bundle TM 
 The series in ��
�� is formal� we
assign to its terms a total degree �k � j	j and order the terms with respect
to this degree
 The space of all sections denoted by C��M�W � form an
associative algebra with respect to a �brewise Weyl �Moyal� product

a � b � exp

�
�
ih

�
�ij





yi




zj

�
a�x� y� h� b�x� z� h�j

z�y � ��
��

We also considerW 
valued di�erential forms� that is the sections C��W�
��� where � is the exterior algebra of T �M 
 Any di�eomorphism f of M
acts on sections a � C��M�W � �� by pulling them back�

�f�a��x� y� dx� h� � a

�
f�x��


f


x
y� df�x�� h

�
�

�



If f is a symplectomorphism� f� preserves the product ��
��� thus f� is an
automorphism of the algebra C��M�W � ��
 Thus� a Hamiltonian vector
�eld X de�nes a derivation of the algebra of sections

LXa �
d

dt
f�t a

�����
t��

called the Lie derivative
 Here ft is the Hamiltonian �ow generated by X

We de�ne a derivation � of the algebra C��M�W � �� by

�a � �
i

h
��ijy

idxj � a� � dxi 


a


yi
�

and the �adjoint� ��

��a � yki

�




xk

�
a�

Any symplectic connection on M induces a connection 
 on the bundle
W acting on sections ��
�� by covariant derivation of the coe�cients ak���x�
as tensor �elds on M 
 In local Darboux coordinates 
 may be written in the
form


a � dxa�
i

�h
��ijky

iyjdxk� a�

where �ijk are connection coe�cients of the symplectic connection and dx
means the exterior di�erential with respect to x


We will consider more general connections on W �

Da � 
a�
i

h
��� a� � 
a� �a�

i

h
�r� a�

where � and r are global sections of the bundle W � �� with deg r � 	

These forms are de�ned up to a central summand
 To �x it we impose a
normalizing condition

�j
y�� � rj

y�� � ��
	�

The �
form

� �
�

�
Rijy

iyj � 
� �
i

h
� � � � C��M�W � ���

is called the curvature of D
 Here Rij � ���Rijkldx
k 
 dxl is the curvature

of the symplectic connection

The canonical deformation quantization is based on the following facts

��� 	�


�



Proposition 
 There exists a unique form r � C��M�W � ��� with
deg r � 	 satisfying two conditions�

��r � � �	�
�

� � ��� �	���

The �rst condition implies ��
	�
 The second one means that the curva

ture is a central form� so

D�a �
i

h
��� a� � �

for any section a
 The connection D with this property is called Abelian

Having a connection D with the properties ��
��� ��
��� we de�ne an algebra

WD � fa � C��M�W � � Da � �g

of �at sections


Proposition � There is one�to�one correspondence between �at sections
and functions from C��M���h�� given by

WD � a� 
�a� � ajy�� � C��M���h���

The inverse map
Q � C��M���h��� WD

is called canonical quantization
 It depends on the choice of the symplectic
connection 
� but the corresponding algebras WD turn out to be isomorphic

Moreover� this isomorphism may be taken in a particular form which we are
going to describe
 First we introduce gauge transformations of the algebra
of all sections C��M�W �
 To this end consider a �section�

U � � �
X

�k�j�j��

hkuk���x�y
�� ��
��

In contrast to ��
�� here k may be any integer number� positive or negative

The only restriction is that the total degree �k � j	j should be positive

Such formal series also form an algebra with respect to the �brewise product

�



��
��
 So� U is a section of an extended formal Weyl algebras bundle which
we denote W�
 Clearly� U is invertible since its leading term is �


For a given U of the type ��
�� de�ne an inner isomorphism T of the
algebra C��M�W�� by

Ta � U � a � U��� ��
��

We call such an isomorphism a gauge transformation


Proposition � Let 
�� 
� be two symplectic connections and WD�
�WD�

�
C��M�W � � C��M�W�� corresponding algebras of �at sections� Then
there exists a section U � C��M�W�� of the type ��
�� such that the gauge
transformation T maps the algebra WD�

onto WD�
�

Writing

D� � D� �
i

h
��� � �

with a global section �� � C��M�W � ��� satisfying

deg�� � 	� ��jy�� � �� ��
��

we may �nd U as a solution of the equation

D�U � U�� �
i

h
�� � � ��
��

having a unique solution under the normalizing condition

U j
y�� � �� ��
���

Note that for two sections

ba� � Q��a� � WD�
� ba� � Q��a� � WD�

obtained by two di�erent quantizations of the same function a � C��M���h���
the equality ba� � U � ba� � U�� ��
���

does not hold in general


�



� G�invariant Canonical Quantization

If we have a Hamiltonian action of a Lie group G� we will considerG
invariant
Abelian connections D� so that

D�g�a� � g��Da�

for any section a � C��M�W ��� or

DLXea � LXe�Da�

for any vector �eld Xe de�ned by an element e of the Lie algebra

The following facts are easy consequences of the propositions of the pre


vious section


�
 If 
 is a G
invariant symplectic connection� then the corresponding
Abelian connection D is also G
invariant


�
 For two G
invariant Abelian connections D��D� the form �� is G

invariant� that is

g��� � ��� LX�� � �� �	
��

	
 The solution U of ��
��� ��
��� de�ning an isomorphism T by ��
��
between WD�

and WD�
is G
invariant


Lemma 
 Let He be a Hamiltonian function of the vector 
eld Xe� e � G�
If dHe �� �� then for a G�invariant Abelian connection D and for any section
a � C��M�W � ��

LXea � �i�Xe�D �Di�Xe��a�
i

h
�Q�He�� a�� ���	�

Proof� The statement is local� so we may choose the Darboux local coor

dinates such that

Xe �




x�
� He � ��ix

i

�see� e
g
 �	� Theorem �
	
���
 For a special choice

D � dx �
i

h
��ijy

idxj� � �

�



we have
Q�He� � ��i�x

i � yi��

The corresponding one
parameter group gt acts on sections as

g�t a � a�x� � t� x�� � � � � xn� y� dx� h��

so that Equality �	
�� becomes evident

For another choice of the Abelian connection D� � D � i

h
���� � � with

gt
invariant �� we would have

LXea � �i�Xe�D� �D�i�Xe��a�
i

h
�Q�H�� i�Xe����

because the addition of ���� � ��h to D and �i�Xe��� to Q�H� simultane

ously doesn�t change the right
hand side
 It remains to show that the section
Q�H�� i�X��� is equal to Q��H�
 Because of ��
��

�Q�H�� i�Xe����jy�� � Q�H�j
y�� � ��ix

i�

so it is su�cient to show that Q�H� � i�Xe��� is �at with respect to D��
that is

�Di�Xe��� �
i

h
����Q�H�� i�Xe���� � � �	
	�

since DQ�H� � �

Applying �	
�� which is proved for D to �� which is G
invariant� we

obtain

Di�Xe��� �
i

h
�Q�H����� � �i�Xe�D���

so the left
hand side of �	
	� becomes

i�Xe�D�� �
i

h
�i�Xe������� � i�Xe��D�� �

i

h
�����

But

D�� �
i

h
��� � �

since both D and D� have the same curvature ��� whence �	
	� follows
 �

��



Lemma � Let Xe� H be the same as in the previous lemma� LetD�� D�

be two G�invariant Abelian connections� U the solution of ��
��� ��
���� Then

Q��H� � U �Q��H� � U��� ���
�

Proof� Since U is a G
invariant section� we have by the previous lemma
using ��
��

LXeU � i�Xe�D�U �
i

h
�Q��H�� U �

� �
i

h
i�Xe��� � U �

i

h
Q��H� � U �

i

h
U �Q��H� � ��

yielding �	
��
 �

Lemma � G�invariant canonical quantization commutes with the group
action� that is

Q�g�a� � g�Q�a� �����

for any � C��M���h���

Proof� Clearly�

�g�Q�a��jy�� � �g�Q�a�jy��� � g�a�

Next�
D�g�Q�a�� � g�D�Q�a�� � �

since D is G
invariant and Q�a� is �at
 So� �	
�� follows from the uniqueness
of the quantization procedure �Proposition ��
 �

The in�nitesimal version of �	
�� is

Q�LXa� � LXQ�a�� �	
��

We apply the properties of the G
invariant canonical quantization to ob

tain the quantum moment map
 So far the group G may by any �nite

dimensional Lie group �not necessarily compact or semisimple�
 All we need
is the existence of the classical moment map � which has no critical values
in some neighborhood V � G� of �
 Restricting � to ����V �� we may assume
that � has no critical points at all


��



Proof of Theorem 	� Applying Q to ��
��� we obtain

Q�Xi�j� � ckijQ��k��

By Lemma �
Q�Xi�j� � Q�LXi

�j� � LXi
Q��j��

yielding
LXi

b�j � ckij b�k�
Now� by Lemma �

LXi
b�j � i�Xi�Db�j � i

h
�Q��i�� b�j � � i

h
�b�i� b�j �

since Db�j � � implying ��
��
 �

Having the quantum Hamiltonians� we de�ne the quantum reduction of
the algebra bA � WD�M� as was described in the introduction


� The Case of the Lie Group

From now on the group G is supposed to be compact
 We consider its right
and left action on F � T �G 	� G�G� and the canonical deformation quanti

zation on F wich is invariant with respect to this G�G action
 An invariant
star
product on T �G was �rst constructed in ����
 Here we describe this con

struction in our terms and then apply it to prove the reduction theorem for
this particular case


The group G may be considered as a principal G
bundle �whose base
is a point�� so the construction of the Hamiltonian action of G on G � G�

described in the introduction may be applied
 The connection form � in
this case is the Maurer
Cartan left
invariant form �L
 We also need the
Maurer
Cartan right
invariant form �R � Adg �L �for matrix Lie groups
�L � g��dg� �R � dg g���
 Introduce a symplectic form

�F � �dh�� �Li � �dh�� �Ri ��
��

where � � G�� � � Ad�g���
 This form is preserved by left and right actions
de�ned by

Lu�g� �� � �ug� ��� Ru�g� �� � �gu�Ad�u�� ��
��

��



with moment maps
�L�g� �� � �� �R�g� �� � ��

The functions � and � satisfy the following relations

f�i� �jg � ckij�k� f�i� �jg � �ckij�k� f�i� �jg � �� ��
	�

For deformation quantization we consider the tangent bundle

T �G� G�� 	� G � G� � G �G�

with the left and right actions of G de�ned by ��
��

Lu�g� � �� t� � � � �ug� �� t� � �� Ru�g� �� t� � � � �gu�Ad�u��Adu��t�Ad�u� �� ��
��

The sections of the Weyl algebras bundle are functions a � a�g� �� t� �� h�
on G � G� � G � G� considered as formal series with respect to t� �� h
 The
�brewise product � is the Moyal product ��
�� corresponding to the standard
Poisson bracket on G � G�

fa� bg �

a


�i


b


ti
�


a


ti

b


�i
�

By Theorem � any G�G
invariant quantization gives �at sections

b�i � Q��i�� b�i � Q��i�

de�ning quantum Hamiltonians for G�G action
 Thus� they should satisfy
the following commutation relations similar to ��
	��

�b�i� b�j � � �ihckij
b�k� �b�i� b�j � � ihckij b�k� �b�i� b�j� � �� ��
��

Moreover�
i

h
�b�i� ba� � LRi

ba� i

h
�b�i� ba� � LLi

ba ��
��

where LLi and LRi
are Lie derivatives corresponging to ei � G via left and

right actions on G� G� � G � G�


Theorem �� There exists a unique G�G�invariant canonical deforma�
tion quantization Q satisfying the following two conditions�

�	



�� for any a�g� � C��G�

ba � Q�a� � a�get�� �
���

	� b�i and b�i are linear forms in � � � �

Proof� First of all observe that the section b�i of the form h� � �� fi�g� t�i
where fi�g� t� is a function with values in G is uniquely de�ned by its adjoint
action on a�get� � Q�a�g��

i

h
�b�i� a�get�� � h


a


t
� fii�

Because of ��
�� the latter expression should be equal to

LRi
a�get� �

d

dz
a�getezei�jz���

The Campbell
Hausdor� formula for etezei implies immediately

fi�g� t� �
adt

� � exp��adt�
ei�

so we have the only possibility for b�i compatible with the assumptions of the
theorem
 Similarly�

b�i � h� � ��
adt

exp�adt�� �
Adg��eii�

It is easy to check that these b�i and b�i satisfy commutation relations ��
��

Indeed� the commutator of two linear forms in � � � is again a linear form
in � � � 
 Thus� to prove ��
��� we need to check that commutators of both
sides of ��
�� with any section of the form a�get� coincide
 But this is the
case because of ��
��


Now we present an Abelian connection DF on the Weyl algebras bundle
so that a�get� and b�i� b�i constructed above are �at with respect to DF 
 To
this end consider the form

� � hd�� ti � hb�� �Ri � d�it
i � b�i�iR

��



on G �G� with values in W 
 Denoting by

da � d�

a


�i
� �iRLRi

a

the di�erential of the section a�g� �� t� � � with respect to g� � and using ��
���
��
�� along with the relation

d�R �
�

�
��R� �R�

for the Maurer
Cartan form� one immediately checks that

d� �
i

h
� � � � ��

so that

DF a � da�
i

h
��� a�

is an Abelian connection
 To compute its curvature� we have to normalize �
replacing it by

�n � � � �jt������ � � � h�� �Ri�

resulting in

� � d�n �
i

h
�n � �n � dh�� �Ri � dh�� �Li�

This completes the proof
 �

We will consider the reduction procedure of the algebra WDF
�F � with

respect to the right action of G
 The following proposition is crucial for the
quantum reduction


Proposition �� For the constructed quantization b�i belong to the ideal
generated by b�i� more precisely�

b�i � ��Adg���
j
i �

b�j � �
���

Proof� Denoting by aji �g� the entries of the matrix Adg��� we have by
Theorem ��

��Adg���
j
i � baji � aji �ge

t��

��



Thus�

baji � b�j � baji b�j � ih

�


baji

tk


 b�j

�k

� baji b�j � �

�
�baji � b�j �

since b� is linear in � 
 Show� that the commutator in the last expression
vanishes
 Indeed�

�b�j� baji � � LRj
baji � �adej �

j
k
baki

and
�adej�

j

k � cjjk � �tr adek � �

because of the unimodularity of a compact Lie group

Now� baji � b�jjt������ � baji b�jjt������ � aji�j � �i�

proving that baji � b�j � Q��i�
 �

Finally� we prove the reduction theorem for the right action


Theorem �� For any right�invariant canonical deformation quantiza�
tion on F � G� G� the reduced algebra consists of constants only�

Proof� Since any two canonical right
invariant quantizations are isomor

phic and this isomorphism preserves the Hamiltonians b�i of the in�nitesimal
right action� we may assume that we are dealing with the special quantiza

tion constructed in Theorem ��
 For this quantization the right
invariant
subalgebra bA� � bA � WDF

�F � is bA� � Q�a��� h�� and the ideal bJ � bA� is
generated by b�i


The algebra bA� may be described in a more convenient way using the
so
called Weyl correspondence
 For a polynomial a��� h� � A� de�ne the cor

responding polynomial aW �b�� h� � bA� replacing in a��� h� each monomial by
the symmetric �
product of b�i
 There is a standard way to extend this cor

respondence to more general functions
 For a function a��� h� � C�

� �G����h��
let ea�x� � Z

e�ih��xia��� h�d�

be its Fourier transform �here x � Rn is interpreted as an element of G�

Then we put

aW �b�� h� � �����n
Z
eihb��xiea�x� h�dx ��
��

��



where the exponential function exp�ihb�� xi� � bA� is de�ned via di�erential
equation

dU�s�

ds
� ihb�� xi � U�s�� U��� � ��

so that exp�ihb�� xi� is de�ned as U���
 The function a��� h� is called the Weyl
symbol of the �at section aW �b�� h� � WDF


 The product � inWDF
induces the

composition rule for the Weyl symbols as follows
 The di�erential equation
implies the usual Campbell
Hausdor� formula

ea � eb � ea�b�CH�a�b��

CH�a� b� �
�

�
�a� b� �

�

��
��a� b�� b� �

�

��
�a� �a� b��� � � �

Taking a � ihb�� xi� b � ihb�� yi� we have by ��
��

�hb�� xi� hb�� yi� � �ihhb�� �x� y�i�
implying

exp�ihb�� xi� � exp�ihb�� yi� � exp�ih�� x� y �
�

h
CH�hx� hy�i��

This leads to the following �
product on symbols

a��� h� � b��� h� � exph��
i

h
CH��ih





�
��ih





�
�i a��� h�b��� h�j����� � ��
���

From this formula it is evident that the higher
order terms vanish at � � �

Thus� the left ideal �as well as the right one� generated by ��� ��� � � � � �n via
this �
product consists of functions vanishing at � � � and vice versa
 By
the Weyl rule� this ideal corresponds to the left ideal in bA�� generated byb��� b��� � � � � b�n
 Moreover� it is easy to describe the projection

� � bA� � bR � bA�� bJ� ��
���

For a �at section ba � bA� we take its Weyl symbol a��� h�� that is we representba as aW �b�� h� �note� that a��� h� �� bajt������ in general� and then set

�ba � a��� h� � C ��h�� 	� bR�
completing the proof
 �

��



� General Case

Let M be a symplectic manifold with a Hamiltonian �right� action of a
compact Lie group G satisfying the assumptions of the classical Marsden

Weinstein theorem
 We use a typical model described in the introduction

So� M is considered as a �bration over a symplectic base �B��B� with a typi

cal �bre F � G�G� and the group G acts on �bres by right translations ��
��

More precisely� we have to restrict ourselves to a tubular G
invariant neigh

borhood of M� � ������ and to the corresponding neighborhood V � G�

Without loss of generality we consider a special G
invariant deformartion
quantization adopted to this �bering structure
 To this end introduce a
bundle K over B associated to a principal G
bundle M� taking the algebra
WDF

�F � constructed in the previous section as a �bre of K with a left action
Tu on a � a�g� �� t� � � � WDF

�F � de�ned by

Tua � L�
u��a � a�u��g� �� t� � ��

The Lie algebra G of G acts then as

t�ei�a �
d

dt
a�e�eitg� �� t� ��

�����
t��

� �LLia � �
i

h
�b�i� a� � ��
��

where ��
�� was used
 According to a general construction a section of the
associated bundle is de�ned by local sections p � U � M� of the principal
bundle M� and corresponding local functions

a�x� � a�x� g� �� t� �� h�� x � U

satisfying the following transition rule� for another local section Rfp �
pf� f � f�x� � G the corresponding function is

Tfa � a�x� f���x�g� �� t� �� h��

The connection � on the principal bundleM� de�nes an associated connection
according to the rule


Ka � dxa�x� � t�p���a�x� � dxa�
i

h
�hb�� p��i� a�� ��
��

��



This de�nition does not depend on the choice of the local section p de�ning
correctly a derivation of the algebra of sections C��K�
 The curvature of
this connection is

� dhb�� p��i� i

h
hb�� p��i � hb�� p��i � �hb�� �i ��
	�

where

� � d�p��� �
�

�
�p��� p���

is a local expression for the curvature form of �
 The curvature is a global
section of K� ��


Note� that the sections b�i are local �that is they depend on the choice
of the section p of the principal bundle�
 On the contrary� the sections b�i
are global� and moreover� they are �at with respect to the connection ��
��

Clearly� b�i are generators of the right action of G on �bres of K
 There are
two subbundles

KJ � K� � K

associated to M� with �bres

bAJ � bA� � bA � WDF
�F ��

Here bA� is the subalgebra of right
invariant elements of bA� thus a � bA�

depends only on b�i �in any local representation� while bAJ is an ideal of bA�

generated by b�i
 The quotient K�KJ � KR is a trivial bundle C ��h�� by
Theorem ��
 We will use the projection � � K � KR �see Section ��
 It may
be thought of as a substitution b�i � � in the sections aW �x� b�i� h� � C��K��

Clearly� the connection 
K may be restricted to subbundles K��KJ because
the connection form in ��
�� takes values in KJ 


Consider now the Weyl algebras bundle on B with coe�cients in K� that
is

W �B�K� � W �B��K

where the tensor product is taken with respect to C ��h��
 The sections of
W �B�K� locally have the form

a�x� y� � a�x� y� g� �� t� �� h� ��
��

��



where x � B� y � TxB
 For �xed x� y this function is a �at section of
WDF

�F �
 A symplectic connection on B de�nes a connection 
B on the bun

dle W �B� �see Section �� and futher� a connection 
 on the bundle W �B�K�


 � 
B � � � �� 
K�

Our goal is to construct an Abelian connection DB�K on W �B�K� whose
curvature is �B�K � ��B
 We look for DB�K in the form

DB�K � 
 �
i

h
��� � �

where � � C��W �B�K�� � ��� is a global section which should satisfy the
following equation


� �
i

h
�� � �B � hb�� �i � �

�
Rijy

iyj ��
��

where Rij is the curvature of 
B
 This equation has a unique solution under
the normalization

��� �� yk
�





xk

�
� � � ��
��

for j�j small enough �	� theorem �
�
�� theorem �
�
��
 As usual� we consider
a subalgebra WDB�K

�B�K� of �at sections


Theorem �	 The algebraWDB�K
�B�K� coincides with the algebraWDM

�M�
of �at sections on M with respect to an Abelian connection DM whose cur�
vature is

�M � ��B � dh�� �i � ��M �

Proof� The section ��
�� may be considered as a section of W �M�
 If it
belongs to WDB�K

�B�K� the following two conditions should be satis�ed� ��
DF a � � which means it is �at along the �bres� �� DB�Ka � �
 They both
are equivalent to the only condition

DMa �� DF a�DB�Ka � ��

Clearly� D�
M � � since DF and DB�K are Abelian connections
 To compute

the curvature of DM � we have to normalize the connection form hb�� p��i in
��
�� substructing its constant term

hb�� p��ijt������ � h�� p��i � h��Adg��p
��i

��



�the form � is normalized because of ��
���
 This leads to

�M � �F � �B�K � dh��Adg��p
��i � ��B � dh�� �L �Adg��p

��i�

proving the theorem since

�L �Adg��p
�� � �

because of ��
��
 �

Proof of Theorem �� Without loss of generality we may consider the re

duction of the algebra bA � WDB�K

�B�K�
 Clearly� the invariant subalgebrabA� is WDB�K
�B�K��� while the ideal bJ is WDB�K

�B�KJ� �note that the con

nections 
� DB�K preserve the subbundles W �B�K�� and W �B�KJ��
 We
need to show that the projection � maps WDB�K

�B�K�� to WDB
�B� �recall

that � acts by substitution b�i � ��
 First apply � to ��
��
 Since


� � 
B� �
i

h
�hb�� p��i� ��� ��
��

we have
��
�� � 
B����

because the second term in ��
�� vanishes under �
 The term hb�� �i in ��
��
also vanishes and we obtain


B���� �
i

h
����� � ��B �

�

�
Rijy

iyj�

This equation along with ������ � � �the consequence of ��
��� means that
�� de�nes the Abelian connection on W �B��

DB � 
B �
i

h
���� � ��

Now� let a � WDB�K
�B�K��
 Thus� it satis�es the equation

DB�Ka � 
a�
i

h
��� a� � ��

Applying � to both sides� we obtain


B��a� �
i

h
���� �a� � DB��a� � ��

which means that �a � WDB
�B� proving the theorem
 �

��
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