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PREFACE 1

PREFACE

The book is devoted to the theory of elliptic equations on manifolds with singu-
larities. This topic is not at all new. Beginning with the well-known paper [2] by
Vladimir Kondratijev, during more than 30 years a lot of mathematicians develope
this theme in different directions. These developements concern the construction of
algebraic structures of corresponding operators, investigation of asymptotic proper-
ties of solutions, and, finally, the computation of the index. At present there exists
large amount of works devoted to this theme, hundreds of papers are written, series
of fundamental monographies are published (see, e. g., [1, 7, 6, 10, 11, 12] and the
bibliography therein).

What was the reason of writing this book and what differs it from the others?
To answer this question, it is nesessary to give a short review of the theory of equa-
tions on manifolds with singularities constructed up to the present time. The basis
of this theory is investigation of equations on manifolds with conical singularities.
If we consider compact manifolds with singularities (only such manifolds will be
the topic of our consideration here), at present the analytic part of the theory is
essentially completed. Namely, the questions of solvability (Fredholm property) in
appropriate weight spaces are examined, the corresponding algebraic structures are
constructed, the differential properties of solutions are investigated. The basis tool of
investigation of differential equations on manifolds with conical points is the Mellin
transform, the apparatus being astonishingly adequate to the problem considered.
Actually, the Mellin transform not only allowed to regularize corresponding equa-
tions but also to define the class of Mellin pseudodifferential operators which are of
the same importance as classical pseudodifferential operators on smooth manifolds.
In particular, on the basis of Mellin pseudodifferential operators it occured to be
possible to construct the operator calculus on manifolds with conical points and to
prove the finiteness theorem in the framework of this algebra. Also, the notion of
“hierarchy” of singularities allowing to include the manifolds with conical “wedges”
was worked out (see, e. g. [11]).

The new stage in the elliptic theory on manifolds with singularities was investiga-
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tion of differential equations on manifolds on manifolds with different (say, cuspidal)
type of singularities’. During the construction of this theory it occures first that the
Mellin transform being a good tool in the theory of manifolds with conical singular-
ities occurs to be inapplicable in the situation of cusp-type singularities. Moreover
(and, possibly, this is the main thing) it occurs that this new situation essentially
differs from that of manifolds with conical points. For instance, asymptotic be-
havior of solutions for manifolds with cusp-type singularities have quite different
nature than that for “conical case”. Namely, in contrast to conormal asymptotics
(see [11]) where the solutions are represented as a finite sum of terms, the asymp-
totic expansions on manifolds with cusps are written down in the form of infinite
(divergent) series [17, 18]. The latter fact leads to the necessity of resummation
of these divergent series, and, hence, to involve a new apparatus performing such
a resummation. Such an apparatus which we call resurgent analysis allows (also
in the wedge-situation) to examine the Stokes phenomenon, the phenomenon hav-
ing no analog in the case of conical singularities. Note in this connection that the
resurgent analysis method was worked out in detail by B. Sternin and V. Shatalov
in [25] for the case of functions with exponential type and was modified for power
asymptotic expansions in [15, 14]. It is also worth mentioning that similar situation
takes place for solutions to inhomogeneous equations for conical type as well [16, 13]
so that the resurgent analysis method gives new effects in asymptotic theory also in
the situation investigated earlier.

The new apparatus (compared with the classical one) occured to be necesseary
also for proof of the finiteness theorem for manifolds with cuspidal singularities. This
proof is carried out (what is natural) in the framework of corresponding operator
algebras. Here, to construct the correponding algebra we apply the ideas of the geo-
metrical quantization. More exactly, using Maslov’s noncommutative analysis [5, 9],
we construct an algebra of function of noncommutative operators in which the com-
position law is determined with the help of left ordered representations of generators
of this algebra and, naturally, with the help of their commutation relations. This
geometrical approach together with ideas of the resurgent representation introduced
in [25], [26] allowed to present a unified scheme of construction of operator algebras
valid both for conical and cuspidal singular points [21] including the wedge situa-
tion [19]. Moreover, in the framework of this approach it is possible to construct
the deformation of resurgent representations and the corresponding algebras, which
allowed, in particular, to reduce the computation of the index of elliptic operators
on manifolds with cusps to that of elliptic operators on a topologically equivalent

!The exact definition of a singularity of cuspidal type will be given in the main part of the book;
see also Introduction. Note, that this notion, as well as the definition of other types of singularities
is convenient to formulate in terms of structure rings of singular points (see [20])
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manifold with singularities of the cone type [21].

Let us tell a few words about the last works of the authors which concernes the
topic of the book but are not inclided in it.

These are, first of all, nonstationary problems for equations on manifolds with
singularities. Here the authors have obtained the results concerning oscillations of
conical shells [22], and investigated general nonstationary problems for equations of
Fuchs-Borel type [23].

Also, some topological aspects of the theory are investigated. Namely, the index
formula is obtained for wide class of elliptic operators on manifolds with singularities
of conical (and, hence, cuspidal) type. The formula of Atiyah-Bott-Lefschetz type
for elliptic complexes on manifolds with cone-like singularities. These questions the
authors plan to discuss in another monography.
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Introduction

Examples and motivations

The aim of this introduction is to ackquaint the reader with main notions of the
theory of (pseudo)differential equations on manifolds with singularities on simple ex-
amples. The main topics illustrated here is the resurgent analysis, that is, the exact
version of the semi-classical approximation, and the notion of operator algebras.

Besides, we illustrate that there exists a lot of types of singular points of the
underlying manifold for which the theory goes more or less similar. This shows the
nesessity of working out a general scheme such that all particular types of singular-
ities are its specializations.

0.1 What manifolds with singularities are?

The book is devoted to the investigation of differential equations on manifolds with
singularities. Clearly, to begin this investigation, one has to understand what is
meant by the term manifold with singularities. In this introduction we shall consider
now only point-type singularities, that is, we suppose that the manifold M under
consideration contains at most a discrete set of singular points aq,...,ay. We
suppose also that in a neighborhood of each singular point «; the considered manifold
is topologically equivalent to a cone

K ={[0,1] x 0}/ {{0} x 0} (0.1)

with a smooth base ().

However, singular points of such type, being topologically equivalent, can have
a variety of differential structures. For example, one can consider singular points
of conical type (the suitable model of this case is a circular cone in the three-
dimensional Cartesian space), or cuspidal type (for instance, such type of singularity

7
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has the surface in R® obtained by rotation of a parabola x = 2" for some k > 0
around the Oz axis). In both these cases the topological structure of the manifold
is described by relation (0.1), and the question is how to describe the difference
between these cases.

Of course, for the description of this difference one can use the embedding of the
considered manifold (or a neighborhood of its singular point) into some Cartesian
space. However, it is desirable to present the interior description of singularity types
in terms of the manifold itself. Certainly, the most general description of a manifold
(smooth or with singularities) is a description with the help of the structure sheaf of
this manifold. All information about the manifold in question, including the form
of differential operators, can be expressed in terms of the structure sheaf. It occurs
that on manifolds with singularities one has to use a ring of differential operators
rather than the ring of functions in order to describe singularity types.

From the interior viewpoint, the only difference between conical and cuspidal
singularities lies in the form of the differential operator in question. So, the operators
with conical degeneracy are of the form

. o .0 0

H=r""H (r,w, —ira _Za_w> , (0.2)
near the considered singular point of the manifold M, where (r,w) are coordinates
on K corresponding to representation (0.1) and m is an order of the operator H; in
this case such a point is referred as a point of conical singularity. On the contrary,
the operators of cuspidal degeneracy of order k are given by

. 0 0
H = r_m(k"'l)H (7“7 w, —Z'Tk-l—la, —Za—w> (03)

with some integer k > 0; here we refer this point as a singular point of cuspidal type
of order k.

Below, we shall explain why formulas (0.2) and (0.3) naturally describe the two
mentioned types of singularities. Clearly, there exist a lot of other singularity types;
the consideration of these types is postponed to the main part of the book.

Note that if one considers a Riemannian manifold, then the type of singular-
ity can be characterized by the type of degeneration of the considered Riemannian
metrics in a neighborhood of a singular point of this manifold. However, the Rie-
mannian structure is, clearly, an additional structure, and cannot be used as a basis
of the description of singularities. This concerns also to the theory of differential
equations. The Riemannian structure takes part only in the description of concrete
differential operators connected with geometry of Riemannian manifolds such that
the Beltrami-Laplace operator.
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Since we are intended to consider compact manifolds smooth everywhere except
for some discrete set of singular points, a ring of germs of the structure ring at some
(arbitrary) singular point is of main interest for us. In what follows, this ring will
be referred as a structure ring of the singular point in question or even simply as
structure ring if the point is clear from the context.

Evidently, the structure ring determines all the analysis in a neighborhood of
the given point: the class of Riemannian metrices, the ring of differential equations,
etc. In particular, the different choice of structure rings leads to different classes
of differential equations. Namely, for different structure rings we shall arrive at
equations with “conical degeneracy”, “cuspidal degeneracy”, and a lot of other types
of degeneracy which up to now have not been considered in the theory of differential
equations.

And the last remark. As we have already mentioned, here we consider only
isolated singularities. This is connected with the fact that the consideration of
isolated singularities is crucial for constructing a general manifold with singularities
of nonisolated type. The latter can be obtained from the formers with the help of
product operation, as it will be explained below.

To motivate the approach to the description of singular points of the manifolds
with singularities, we consider two examples.

0.1.1 Circular cone

Let us consider a circular cone K with the vertex in the origin and opening #
embedded in the three-dimensional Carthesian space R? (see Figure 0.1.) It seems
to be natural to consider the restriction of the local structure ring [C* (R?)], as a
structure ring [C'™ (K)], of the cone K at its vertex. So, the elements of [C* (K],
will be germs of functions in the coordinates (r,¢) having the form

F(rsinfcose,rsinfsinp,rcosf)

for different smooth functions F' (x,y,z) in a neighborhood of the origin in R.
However, there exists much better description of the above introduced local ring.
To obtain this description, let us consider the Riemannian metrics

ds® = dr? + r?sin? (9d<,92 (0.4)

on K induced by the standard Riemannian metrics of the space R?®. One can see
that this metrics is degenerated at the point r = 0. To resolve this degeneration,
one can perform the variable change

r=ce", (0.5)
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Figure 0.1. Cone and its coordinates.

transforming metrics (0.4) to the form
ds? = ¢ (dt2 + sin? (9d<,92> ,

which becomes to be nondegenerated after dividing by an inessentail factor ¢=%.

So, the more convenient representation of the cone K is not a representation of
the form (0.1), but the representation of K as a one-point compactification of the
infinite cylinder

K =0, +o00] x S* (0.6)
with the coordinates (¢, ) on it. For such representation, the elements of the local
structure ring have the form

F(e_t sin 0 cos , e 'sin fsin , e ! cos (9), Fe [COO <R3>]0

of smooth functions on the infinite cylinder given by (0.6) having exponential stabi-
lization at infinity.

We remark also that such representation of the local ring gives an opportunity
to define naturally the class of differential operators to be considered on the cone
K. Namely, they must be obtained by the variable change (0.5) from differential
operators of the canonical form

. J 0
_ —t P
H=H (e ) 0, Zat78<p>
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Figure 0.2. Cuspidal point.

with coeficients stabilizing with exponential speed (that is, belonginig to the above
defined local ring). This leads us to a class of differential operators of the form

3 .0 0
H-H(r,@,—@ra,%>

exactly coinciding with operators (0.2) with conical degeneracy.

0.1.2 Circular cusp
Let us consider the circular cusp Cy obtained by rotation of the parabola
k1

r =z

of order k around the axis Oz (see Figure 0.2). Then elements of the restriction of

the ring [C*° (R%)], to Co have the form
F <Zk+1 cos o, 2" sin ¢, Z) .
The corresponding Riemannian metrics is

d82 _ <1 + (k‘l‘ 1)222k> d22 +22k+2d992' (07)
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The variable change eliminating the degeneracy of the metrics (0.7) is

1 1

L= T

(0.8)

The latter variable change transforms the metrics (0.8) to the form

2(1+41/k) 2
ds? = (%) (1 + M) i + dis?

k22
which is evidently nondegenerated in a neighborhood of t = oo after omitting the

inessential conformal factor (kt)_2(1+1/k).

Now the local ring [C'* (C)], can be described as a ring of functions

F(t_l/k,<p>, FeC™

with power stabilization at infinity (with the speed ¢=1/*.)

This description of the local ring leads us again to the description of differential
operators which are naturally defined on the manifold near the cusp point. Namely,
these must be the images of the operators

. 1 .0 .0
H = H <W7S@7_Z§7_Z%>

under the action of variable change (0.8). These operators have the form

H=H (kl/’“z,ap, —M“%, 4%) , (0.9)

which again coincide with (0.3). We emphasize that this class of operators is suitable
only for integer values of k since in the opposite case the set of operators of the form
(0.9) does not form an algebra. So, for noninteger k one have to consider a closure
of this set of operators with respect to composition as the corresponding local ring.
This case shall be considered in detail in the main part of the book.

0.1.3 Conclusions

The considered examples show that:

e The convenient topological model of the isolated singular point of a manifold
is a one-point compactification

M]OC = C U {OO}
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of a infinite half-cylinder
C =Ry x Q. (0.10)

Topological models (0.10) and (0.1) are homeomorphic to each other since a
segment [0, 1] is homeomorphic to the compactificated half-axis Ry U {oo}
with 0 corresponding to oo, but the description of local rings looks more clear
on the model M.

o The local rings determining a type of an isolated singular point of M are
described with the help of the speed of stabilization of functions given on the
local model M. as t — oo. More exactly, if ¢ (1) is a smooth function on R,
such that

lime (1) =0,

t—0

(in what follows we refer ¢ (f) as a weight function) then the appropriate
candidate for the role of a local ring describing the type of the singular point
under consideration is a set of functions

u(t,w)=F(p(t),w), F(rw)eC™(0,1] x Q). (0.11)

Here by w we denote local coordinates on the manifold 2. Clearly, the set
of functions of the type (0.11) have to be modified up to a ring of functions
closed with respect to differentiation so that this modified ring could serve as
a local ring for the manifold M at the singular point in question.

e The ring of local differential operators on the manifold Mj,. must be defined
now as a ring of operators of the form

i > o (tw) (—i%y(—ia%)a (0.12)

§=0 |o] <m-1

with coefficients from the local structure ring at the singular point. One more
reason for the requirement that the local ring must be closed under the differ-
entiation is that this requirement guarantees that the set of operators (0.12)
form a ring (algebra.)

In the following section we construct some scale of local rings on My, describing a
scale of types of isolated singularities of the manifold M. Clearly, the scale presented
below does not pretend to be a complete classification of types of singular points of
a manifold M with singularities. For example, one can consider singular points for
which the speed of stabilization depends on the point w of the base 2. Besides it
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seems to be impossible to write down all weight functions ¢ (¢) of the above described
type, so we restrict ourselves by consideration of the most interesting cases which
appear in applications.

Further, as it was already mentioned, we consider here only isolated singularities
of the underlying manifold M. More complicated singularities can be obtained by
iterations with the help of direct product operations. For example, we can consider a
wedge of the type ¢ (¢) as a direct product of the model manifold (Mg, ¢ (1)) with a
smooth manifold X or a corner of the type (¢ (¢), (t)) as a product of (Mo, ¢ (1))
by some manifold N having isolated singularities of the type (Mo, ¢ (1)).

0.2 Semi-classical approximation

0.2.1 Conical case

1. Solutions to a homogeneous equation. WKB-elements of power type.
Let C be a two-dimensional cone (see Figure 0.1) with a standard Riemannian
metric induced by the embedding of this cone to the three-dimensional Cartesian
space. Denote by (r,¢) the polar coordinates on this cone, and let

19/ 0 29 1 Nt 0
G IR [(a_> e %] (0-13)

be the corresponding Beltrami-Laplace operator. Here ¢ is a positive parameter
depending on the angle # at the vertex of the cone (see Figure 0.1; more precisely,
¢ = 1/sin?#). We shall investigate the asymptotic behavior of solutions to the
corresponding equation as r — 0, that is, near the vertex of the cone.

Let us try first to compute solutions to the homogeneous equation

N, 0
Au =20, or [<TE> + e 8—992] u = 0. (0.14)

u(r,p) = g (©), (0.15)

where S (¢) (the action) and a (@) (the amplitude function) are some smooth 27-
periodic functions of the variable ¢. (Here we restrict ourselves by computation of
the principal term of the asymptotic expansion. The form of the full asymptotic

of the form
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expansion will be discussed later.) Computation of the derivatives of the function
u (r, ) with respect to the variables r and ¢ gives

Ou  _ )
rar - _S(S‘Q)r Cl(g@),
QS L ~S5(e)
9o " S (@) r>¥ In a (p)+r a (e). (0.16)

The two latter formulas show that:

o the large parameter of the asymptotic expansion of a solution to homogeneous
equation (0.14) is exactly the quantity

A=In(1/r);

o the derivatives rd/dr and 9/0p involved in the expression of Laplace operator
(0.13) are of different order as r — 0 with respect to this parameter. Actu-
ally, the right-hand part of the second expression in (0.16) contains the large
parameter In (1/r), whereas the right hand part of the first expression does
not.

Remark 1 The fact that the quantity A = In(1/r) plays a role of a large parameter for the
expansion (0.15) is not an astonishing one. Actually, if one rewrites (0.15) in the form

u(r,p) =exp{AS(p)}ta(p),

it will be evident that this expression is quite similar to the usual expression for a WKB-element
¢ (x,h) = exp {%S (a:)} a(x)

used in the quantum mechanics, see, e. g. [3]. Comparing these two formulas one can notice that
the quantity In(1/r) plays the same role in the first of these two expressions as 1/h does in the
second one. This is the reason why the function u (7, ¢) given by (0.15) will be called in the sequel
a (short) WHB-element (of power type). We note also that the full WKB-element in quantum
mechanics has the form

¢ (x,h) = exp {%S (a:)} [ao (x) —ihay (x) — h2as (x) + .. ] :

This give rise to the guess that in the theory of asymptotic expansions of power type it is also
necessary to consider full WK B-elements, given by

u(r,p) = exp{AS (@)} [ao (¢) + A ar (@) + A 2 aa (o) +.. ] .

As we shall see below, such elements arise in this theory in a natural way.
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Substituting function (0.15) into equation (0.14) one arrives at the following
relation:

{[&(5(2)°) a ()] X +[25" (9) @ () + " () a (9)] A
+ [ () + (S (2) a(9)] } 59 =0

Separating the powers of A, we obtain

1) The Hamilton-Jacobi equation
15" (9))* = 0.
2) The first transport equation
25" (p)a’ (p) + 5" (p) alp) = 0.

3) The second transport equation
ta" (@) + 1S (9)) alyp) = 0.
Let us consider solutions of all the three equations.
Clearly, all solutions of the Hamilton-Jacobi equation are constants:
S (¢) = const.

However, the form of this equation shows also that the characteristics corresponding
to the considered problem are multiple ones (since the derivative S’ (¢) is involved
into the Hamilton-Jacobi equation in the second power). This is the reason for
the fact that the first transport equation vanishes identically on solutions of the
Hamilton-Jacobi equation. So, the only thing rest is to solve the second transport
equation. Denoting by S the (constant) value of the action, we can write down the
general solution for the second transport equation in the form

S S
a(p) = Crexp {zzc,o} + Cyexp {—zzc,o}

with arbitrary constants C; and 5. Since any solution to the equation in question
must be 2r-periodic in @, we obtain the following “quantization condition” for values
S
—=ked,

c

of action:
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so that finally all solutions to equation (0.14) of the form (0.15) are given by
up (ry0) = 175 (Crpe™ 4 Cope™ %) | k € Z.

The fact that all the obtained solutions are exact (not asymptotic) ones is, clearly,
quite occasional. However, it is known (see [2], [11]) that in the general case of
equations on manifolds with conical points the asymptotics of solutions to the cor-
responding homogeneous equations are represented as sums of expressions of the
form

J=0

of the conormal expansions, where r is the “radial” variable and w are “angular”
variables of the corresponding cone.

2. Solutions to an inhomogeneous equation. It seems quite natural to find
out whether the space of WKB-elements is closed under the solutions of differential
equations on manifolds with singularities. In other words, does the solution to the
inhomogeneous equation

Q«%) + 0266_;] u(r,)=f(r,¢) (0.17)

have the form of a WKB-element provided that its right-hand part f(r,¢) does?
To do this, we shall find a solution to the equation (0.15) with

Frie)=r"@a(y). (0.18)

To separate the large parameter of asymptotic expansions in question, it is con-
venient to use A = In (1/r) as the variable. Then equations (0.17), (0.18) will be
rewritten in the form

[(a%) + %] whp) = 0. 0.19)

where
Fhe)=ea(yp).

Let us search for a solution to equation (0.19) in the form of a WKB-expansion

u (N, @) =) [uo (0) + A7 g (@) + A 2ua (@) + ... (0.20)
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Substituting (0.20) into equation (0.19), we obtain the relation
SQ[UO%-A_lulﬁ-A_QUQ—F..J +—25'L—A_Zul——QA_Buz%—.”]
F 2200 A g ] AN () [uo + AT AT Ry 4

+INS" Jug + A7 g + A Pug 4. + 2208 Ouo + A—l% + A—Q% + ...
dy dy dy
82u0 82u1 82u2
2 At A2 ol —a=0
+c 07 + 07 + 07 + a )
where S, uj, 7 = 1,2,..., and a are functions of the variable ¢, and the prime

denotes the derivative with respect to this variable.
Now, equating to zero the coefficients of powers of A, one obtains that ug = uy =
0, and the functions wus, us, ... satisfy the following recurrent relations:

c? (S’)2 Uy = a,
2
2 (S’)2 Upra = — 202% + 25"y | — 026 s + Sy,
Iy I
+25 (k=D up—y + (k= 1) (k= 2)up—g, k> 1,

where we have put u; = 0 for 57 < 1. From the latter system it is clear that the
coefficients u;, j = 0,1,... of the asymptotic expansion (0.20) can be computed
as regular functions only at point where S’ (¢) # 0. In the opposite case, these
coefficients will have singularities for those values of ¢ for which S (¢) = 0. This
is natural since the solution of the Hamilton-Jacobi equation for the corresponding
homogeneous equation is exactly S’ (¢) = 0 so that the zeroes of the derivative S’ (¢)
are none more than resonance points for solutions of nonhomogeneous equation
(0.19). Since there exists no function S () on the circle such that S’ () # 0 for
any value of ¢, we have to investigate the resonance case as well.

As we shall see below, the presence of the resonances originates some additional
terms in the asymptotic expansion of solutions to the inhomogeneous equation. To
obtain this fact we shall construct a solution to (0.19) with the help of the Laplace
transform with respect to the variable A:
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To exclude the divergence of integrals at infinity (which are not of importance for
the asymptotic behavior of functions as r — 0) we shall multiply the right-hand
part of equation (0.17) by some cut-off function y (r) € C* (R4) which vanishes
identically for sufficiently large values of r and equals to 1 near the origin. We shall
not investigate the corresponding function spaces in the explicit form; the reader
can do this by herself or himself.

Applying the Mellin transform to the both sides of (0.17) and using the well-
known fact that the operator rd/dr is transformed into the multiplication by z, we
arrive at the following equation for the Melin image U (z, ) of the function u (r, ¢):

2
e 2 () = P ey,
dp?

where F (z,¢) is a Mellin transform of the right-hand part of equation (0.17). Due
to formula (0.18), this function equals

F(Zv99) = %

up to a holomorphic term?. So, we arrive at the following equation

26_2 27 (- . a(c,o)
[c 8992+ ]U( ,99)—72_5(@) (0.21)

for U(Z,g@). The solution to this equation can be written down in terms of the
Green function as

42
. 1 cosZ(p—0—m)a(f) do
— ¢ .22
Ulze) 2sin 7= / z—5(0) ’ (0:22)
©

and the solution to the initial equation (0.17) can be expressed as the inverse Mellin
transform of function (0.22):

u(r,p) = M;l {(j (Z,g@)} =5 r*U (z,¢) dz, (0.23)

where v is some real number.

? As we shall see below, only the singularities of the function U (z, ) contribute to the asymptotic
expansion of u (r,¢) as r — 0.
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Singularities of U(s,@,p)

Figure 0.3. Standard contour.

Let us turn back to the problem of computation of the asymptotic expansion of
the solution to the initial equation (0.17). To investigate the required asymptotic
expansion, one has to understand what information on the solution {7 (z,¢) to equa-
tion (0.21) corresponds to the information on the asymptotics of the solution u (r, ¢)
to equation (0.17). It occurs that asymptotic expansion of the function w (r,p) as
r — 0 is in one-to-one correspondence with the behavior of the corresponding func-
tion U(Z,g@) near its points of singularity. To clarify this correspondence, let us
deform the contour in representation (0.23) to the sum of contours of the special

kind: |
u(r,p) = %zjz/r Ulz,¢) dz. (0.24)
F]

Namely, we shall use contours, coming from the infinity to some point of singularity
of the integrand U/ (z,¢) along the direction of the negative real axis, then encircling
this point of singularity counterclockwise, and then coming back to infinity along the
direction of the positive real axis (see Figure 0.3, clearly, we consider now functions
U (z,¢) with at most discrete set of singularities). The set of points of singularity
encircled with at least one of the integration contours will be called a support of the
corresponding function w (r, ¢).

The following assertion is valid:
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Proposition 1 If z = S(¢) is a point of singularity of the function U(Z,g@) such
that

y ao ()

U (=) = fin(— s BTSN (0.25)

near this point (the series on the right are supposed to be convergent near the point
z = S(p)), then the function (0.24) (with only one term on the right) has the
following asymptotic expansion asr — 0:

u (r, o) o~ 3 Z a; (¢)In . (0.26)

=0

The proof of this assertion will be given below in the more general case. Now we
remark only that a function with singularities of the type (0.25) is called a function
with simple singularities.

Remark 2 One can (and, as we shall see below, have to) consider another types of
singularity of the function U (z,¢) and obtain another asymptotic behavior of the
corresponding function u (r, ) as r — 0. For example, if U (z, %) has the singularity
of the form

N * (z—§ Jto
(e = 3 S 0)

J=0

for some fixed number o, then the corresponding function u (r,¢) has the following
asymptotic expansion

u(r,g) =153 aj (@) In

=0

as r — 0.

So, to investigate the asymptotic behavior of the solution wu (r,¢) as r — 0 by
means of the representation (0.24), one has to investigate the singularities of the
function U/ (z,¢) used in this representation. What is more, one can make use of the
above proposition only if the function U/ (z,¢) has the discrete set of singularities.
We shall show that, for the function U/ (z,¢) given by (0.22) this assertion is valid
provided that the functions S (¢) and a () are entire (or, at least, analytic with
discrete set of singularities) functions in the variable ¢.
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Figure 0.4. Changing integration contour.

To do this, we perform the variable change
(=5(9) (0.27)

in integral (0.22). This variable change is invertible at all points 6 except for station-
ary points of the function S (8). Therefore, (0.27) determines the inverse function

=510 (0.28)

which has singularities at stationary values S;, j = 1,2,... of the function S (¢)
(and, possibly, at some other points in the complex plane C; arising due to the sin-
gularity of the function S (¢) at infinity). Using variable change (0.27), we represent
the function U (z,¢) in the form of the Cauchy type integral

oy L [eosile = STHO) —m)a(STH(Q)) d
BT / S5O (= = () ’

~

(0.29)

where v is a contour in the complex plane C, with the origin and the endpoint
at S (). (This contour is not a closed one, since its origin and endpoint lye on
different sheets of the Riemannian surface of the integrand. The contour + and the
singularity set of the integrand are shown on Figure 0.4.)
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Now it is evident that the singularities of the function U/ (z,¢) (except for poles
at points z = ¢k, k € Z) coincide either with the point S (¢) or with points of
singularity of the inverse substitution (0.28). Let us suppose, for simplicity, that all
singularities of (0.28) coincide with stationary values S;, 7 = 1,2,... of the function
S (¢) and that all stationary points of this function are non-degenerated ones. Then
the following affirmation is valid:

Proposition 2 The solution U (z,p) to (0.21) has poles at points z = ck, k € Z
as well as ramification points z = S(e) and z = S;, j = 1,2,.... The asymptotic
expansion of U (z,¢) near the point z = S () reads

U(zp)=ln(z—S(g)Y “jﬂ () (0.30)

7=0

with some analytic coefficients a;(¢), whereas the asymptotic expansion near sta-
tionary points z = S;, 3 = 1,2,... of the phase function S (p) is

Uiz =Y %” (o). (031)

The proof of relation (0.30) goes with the help of integration by parts in the integral (0.24).
To prove the relation (0.31) it is sufficient to change the integration contour v in (0.29) to the
contour ¥’ (see Figure 0.4) with the help of the residue theorem:

U(sg) = — cos 2 (p— S7H(() — ) a (71 (Q)) d¢

2sin 7% J SIS (2 =0)
_omicost(p=ST(x)—m)a (ST (»))
sin 7= SH(S=1 (%))

Clearly, the integral on the right in the latter formula is regular at all points ( = S5;, j=1,2,...
Relation (0.31) follows now from the assumption that all stationary points of the function S (¢)

are non-degenerated ones.

Relations (0.30) and (0.31) together with the result of Proposition 1 (see also
Remark 2) allow us to compute the asymptotic expansion of solution w (r,p) to
equation (0.17). Namely, as it was told above, the contour I' involved into the
representation (0.24) must encircle all the singular points of the function U (z,9).
Deforming this contour in a way shown on Figure 0.5, we represent the function
u(r, ) as a sum of representations of the form (0.24) with contours I' of the special
form considered above. After this, applying the results of Proposition 1 and Remark
2, we arrive at the following asymptotic expansion of the solution u (r,¢):
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Figure 0.5. Decomposition of the contour into the sum of standard ones.

+ Z 5k Z agk) (p)In —ity, (0.32)
k

Discussion on the obtained asymptotics of the solution will be given in Subsection

0.2.3.

0.2.2 Cuspidal case

1. Here we shall consider the class of equations on manifolds with singularities
for which solutions to a homogeneous equation have exponential behavior near a
singular point of the underlying manifold. Such a situation takes place for equations
on manifolds with so-called cuspidal singularities. The simplest example of such
singularities can be constructed in the following way.

Let C' be a surface in the three-dimensional space R? with coordinates (z,y, 2)

14«

obtained by rotation of the curve x = z around the Oz axis; here « is a real

nonnegative number (see Figure 0.2). Denote by ¢ the polar angle in the plane Oxy.
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It is clear that (z,¢) form a coordinate system on the surface C'. The restriction g
of the standard Riemannian metric in R? to C' is given by

ds? = (1 + a222> dz? 4 e dc,oz,

and the corresponding Beltrami-Laplace operator has the form

R Sy ) ’ ﬂ 1o 0 8_2
o <z az> e ) Tag| (0.33)

The analysis of the latter formula allows one to introduce the appropriate form of

Ag — Z—2(1—|—oz)

a general differential operator on the manifold ' with cuspidal singular point. This
form is

a —m 84 84 N 84 a N a

H =0+ (Z,Z L, 12t %7_Z%>7 (0.34)
where H (z1, 22, ¢, P2, py) is a polynomial in (p,,p,) of degree m with coefficients
smooth in (z1, z2,¢). We remark that in the case of integer «, that is, « = k € Z,
the general differential operators on €' can be rewritten in the form

. 0 0
H = 2040 fr (Z,c,o,izl"'k%, —z%> .

In this introduction we shall consider only this last case®.

So, let us conider the equation
Hu=H <Z,<p,i21+ké —¢i> u = (0.35)
z

45) since it is evidently inessential for investigation

of solutions to homogeneous equations Hu = 0). To understand the type of behavior
of solutions to equation (0.35) as z — 0, we consider first equations with constant
coefficients. To be short, let us carry out our considerations on the example of the

equation
0\ 2\’
1+k 2 _
[(Z 62) +c <a¢> ] u=20 (0.36)

with some positive constant ¢. This equation can be solved by means of separation

(we have omitted the factor Zmm

of variables. Namely, let us search for solutions to this equation in the form

u(z,p)=7(2)®(¢).

3We suppose also that k& > 0 since the case k = 0 was considered in the previous subsections.
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Substituting the latter expression to equation (0.36), we obtain

czzl(z) (ZW%)z Z(z) + ﬁ (%)2 ¢ (¢) =0,

and, hence,

(z“’“%)Q 7 (2) = *s*7 (=), (%)2 D (p) = -5 ()

for some constant s. It is easy to see that the solution to the latter system of
equations is

7 (z) = exp {:I:%} , ©(¢) = exp {Fisp}

(clearly, since @ (¢) is a function on the circle, the number s have to be integer).
So, we obtain the following solutions to equation (0.36):

u(z,¢0) =Cexp {:I:%} exp{tisp}, s € Z.

Let us make some conclusions from the considered example.

First, we see that solutions to a homogeneous equation on a manifold with cus-
pidal singular points have exponential type at these points with degree coinciding
with the order of the singular point.

Second, the corresponding WKB-elements must be of the form

u(z,p) = exp { Sk(;j) } a(z,0), (0.37)

where a (z,¢) admits a regular asymptotic expansion in powers of z:

a(z,p) = Z Za; (). (0.38)

J=0

The function exp {S/kzk} used in expression (0.37) for a WKB-element is none more
than an eigenfunction of the operator —z'**9/9z with the eigenvalue s.

Let us pass to examination of the behavior of solutions to homogenous equations
with variable (in z) coefficients. It occurs that all the effects can be seen on the

2 2
(o)) oo

example

u =0,
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where b and ¢ are nonvanishing constants (as above, we suppose that ¢ > 0). As
we shall see below, the cases k =1 and k& > 1 are essentially different, and we shall
consider two cases k =1 and k = 2.

2. Let us begin our considerations with the case & = 1. We search for solutions

to the equation
9\’ 9\
—2t 2 = 2406
(=) + () w2

u(z,¢) = exp {@} alz, ) (0.40)

(—22£> exp { S(f) } a(z,0) = exp { S(f)} [5(99) - 228%] a(z,¢),

(%) exp {@} a(z, o) = exp{S(f)} Ea%fj) + %] a(z,¢),

the substitution of the right-hand part of (0.40) into equation (0.39) gives

o\ 198 0\?
KS(“@)‘ZQ@) + (PG ) Fre

Similar to the conical case, we see that the operator 220/0z is weaker in the asymp-
totic sense than the operator d/0p. However, in this case the large parameter of

asymptotic expansion is z7!. The latter fact explains the form (0.38) of regular

u=0 (0.39)

in the form

Since

a(z,¢)=0. (0.41)

dependence of the amplitude function a (z,¢) on z.
Let us now substitute expansion (0.38) to equation (0.41) and separate coeffi-
cients of powers of z in the obtained expression. The main term (coefficient of z72)

gives 2 (6%5;9))2 ao () = 0.

Since we are searching for nontrivial solutions to equation (0.39), we can suppose
that ag (¢) # 0, and, hence,

S () =S = const.

Taking in account this relation, one can see that the coefficient of 27! vanishes
identically. Later on, the next equation (obtained by equationg to zero the coefficient
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of 2%) reads

d*aq (99)
dip?

Since the function ag (¢) is a function on a circle, one obtains that

+ (57 +2) ao(¢) = 0.

SP42=4k* keZ,
and the function aq () corresponding to such value of S equals
ao (@) = Coexp {*ikp} (0.42)

with some nonvanishing constant Cy. Up to now, the construction of asymptotic
solution in the form (0.40) met no difficulties. However, the next equation obtained
by our recurrent procedure

T 4 (542 () = —baa ()

occurs to be unsolvable for the above found values of S and ag (¢). Actually, it can
be rewritten in the form

d*a; ()

i + k*aq (p) = =bCyexp {£ike},

and the orthogonality condition is fulfilled only for Cy = 0! So, we conclude that
there exists no solution to equation (0.39) of the form (0.40).

The situation can be improved by the following modification of the form of
asymptotic expansion (0.40):

u(z,¢) = exp {@} Sa(z, ), (0.43)

where v is some (unknown, up to the moment) parameter, and a (z, ) is still deter-
mined by relation (0.38). For this new ansatz, the first three relations are the same
as in the above case, and we obtain that

SP41=4k, keZ,

and ag (¢) is defined by formula (0.42). But for the new form of solution the next
equation reads

d*ay (99)
dp?

+ (5% +2) a1 () = (257 = b)ao (¢)
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and we can satisty the orthogonality condition by choosing

_ b
EY

For such choice of ~, the function a4 (¢) is given by
ar (¢) = Crexp {+ikp} (0.44)

with some constant ;. To determine this constant one has to write down the next
equation (equating to zero the coefficient of z?):

dz%p(f) + (8?4 2) az () = 25a1 (p) — v (v + 1) a0 ()

(we have used the above determined value of ). To satisfy the compatibility con-
dition for this latter equation one must require that:

a) the signs in formulas (0.42) and (0.44) are equal to each other;

b) the constants Cy and Cy satisfy the relation 25C — v (v + 1) Cy = 0, that is,

(41
O = =55—Co.

The further procedure of determining the functions a; (¢) goes quite similar, and
we shall not describe it in detail.

Let us make some conclusions from the above considerations.

First, solutions to differential equations on manifolds with singularities of cus-
pidal type have the form (0.43), where a(z,¢) is an infinite series in powers of
z:

alz,0) =Y a;(p).

J=0

We remark that, as a rule, these series are divergent.

Second, if we want to consider linear combinations of such solutions (which is
nesessary for the description of the kernel of the differential operator considered),
then we have to include into consideration a resummation procedure for correct
description of asymptotic expansions of the form

S1 ()

z

u(z,0) = exp{ } May (2,9) +exp{@} ay (2 0) .
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Third, it i1s clear that the same situation takes place also in consideration of
nonhomogeneous equations with WKB-type right-hand part. We shall not present
here these considerations; the reader can carry them out by herself or himself.

3. Let us pass to the consideration of the case of cuspidal point of the second
degree (k = 2). This case will be illustrated on the example of the following equation:

o\? J\?
[( - 82) te <8<p> +24 bz

From the above considerations, it seems that solutions to such an equation can be

u=0. (0.45)

searched in the form

u(z,p) = exp { S;;j)} Sal(z,0), (0.46)

where a (z, ) is a power series in z. It occurs, however, that equation (0.45) has
no solutions of this form (the simple verification of this fact is left to the reader).
The reason for this phenomenon is that the phase function (that is, the function
standing in the exponent) has more complicated structure than in (0.46). To find
out this structure and to construct asymptotic solutions in this case, we shall use
another method also based on WKB-approximation.

To this end, we slightly modify equation (0.45) in the following manner

2 2
[(—hzz)’g) + 026_ + 2+ bz

5, 92 u=20, (0.47)

where h is an auxiliary parameter. We shall expand solutions to this equation in
powers of i, and then we shall show that the obtained expansion is also an expansion
in powers of z. The asymptotic expansions of solutions to the initial equation can
be obtained then at A = 1.

Let us search for solutions to equation (0.47) in the form*

S](:)} ;hj% (z,9),

where S (z) and «a; (z, ) are functions of (z,¢) regular outside z = 0. Substituting
the latter relation into equation (0.47) and separating the powers of h, we obtain the

u(Z7 997 h) = exp{

‘For a reader familiar with WKB-theory, we remark that the above equation is considered
as 1/h-differential equation ([4], [8]) in the variable z with operator-valued coefficients along the
variable ¢. This explains, in particular, the form of the WKB-element introduced below.
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following system for defining the action S (z) and the amplitude functions a; (z, ¢):

[, ds\? ]
028—9912+ <<23$> —|—2—|—bZ> GOZO,

- , ) :
026_ + ((Z?)ﬁ) + 2+ bz) a) = — [226§g + 325§

0p? dz dz 0z dz
d*S
+Z6ﬁ:| ao, (048)
z
0 ds\’ ds o ds
2 Y 39 21} |98 577
‘ 0p? + ((Z dz) et Z) % [ MErE 5 dz

425 o\’ .
—I—ZGE] aj—1 — <23$> aj-2, ] 2 2.

Since we require ag # 0, the first equation from (0.48) shows that the quantity

2
— [<23§> + 2+ bz
dz

must be an eigenvalue of the operator ¢?9%/d¢p? for any value of z, and the function
ao (z, ) must belong to the corresponding eigenspace. Since the eigenvalues of this

operator are of the form

A= k% keZ,

and the corresponding eigenspaces are generated by the functions

exp {ikep}, exp{—ike}, (0.49)
for & # 0, and consists of constants for & = 0, we obtain the Hamilton-Jacobi
equation

ds® 2
(f’T(Z)) +24bz=k keZ, (0.50)
z

and the relations
al (z,0) = COF (2)exp {ikp} + O (2) exp {—ikp} , k £ 0,
o (z,0) = P (2).

Suppose that S () is some solution to equation (0.50) (to be short, we consider
only the case k # 0). Let us consider the second equation in system (0.48). For this
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equation to be solvable with respect to aq, its right-hand part have to be orthog-
onal to both functions (0.49). The two orthogonality conditions give us transport

equations with respect to the two functions Céi) (2):

ZZGQi + 325§ + ZGdQS

——l el =o. 0.51

dz dz dz dz=2| % (2) ( )
Provided that the constants Céi) (z) satisfy equation (0.51), the general solution to
the second equation in (0.48) is

agk) (z,0) = 01(]-7-) (z) exp {tko} + Cl(li) (z)exp{—ike}.

Similar, all the rest transport equations have the form

ds d ds S d\* .
2204320 26@} W (z) = - <23_> CM L (), 521, (0.52)

(%)

and the functions a;” (z,¢), j > 2 are given by

a;’“) (2,0) = C](f_) (z)exp{ikep} + C](f) (z)exp{—ike}.

(%)

Let us analyze the behavior of functions S*) (z) and a;’ (z,¢) as z — 0. First

of all, from the Hamilton-Jacobi equation it follows that

S® () w2l it fh
z)=— — ————1Inz+ f.h
222 2z 8/k2 -2 ’
where by f.h. we have denoted a function holomorphic in a neighborhood of the
origin. Later on, from the latter relation one can see that the transport equations

can be rewritten in the form

{[\/mﬁ)(z)}
{[\/mﬁ)(z)}

- o) e -

—~ [N% +0 (z)] } W (2) = (fj—Q

Sl

d .
+322£> C](ﬁ)lzl: (Z)v J Z L.

Now, it is not hard to show by induction that one can choose the solution to this
recurrent system having the form
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' (2) = 4B (2)

J

with regular B](i) (z), and that B](i) (z) are determined up to (one and the same
for all j) multiplicative constant. So, we have constructed asymptotic solutions to
equation (0.45) of the form

k2—2+ b b?
222 2z 8/k2 -2

2% {B](f_) (z)exp{ikep} + B](Ii) (z) exp {—ikc,o}} (0.53)

up(z,p) = exp{— an—I—F(Z)}

X

I

Il
=]

j
with F'(z), B](ﬁ_) (z), and B](Ii) (z) regular in the neighborhood of the origin. Now,
expanding the functions exp {F'(2)}, B](ﬁ_) (z), and B](Ii) (z) in the Taylor series and
rearranging the obtained expansion, we arrive finally to the asymptotic solutions to
homogeneous equation (0.45) of the form

V=2 b — . .
ug (2, 0) = exp {—7 + ﬂ} P Z 2 {Cyi) exp {itkp} + cik_) exp{—ikp}|,

=0
where
b2
s

The obtained asymptotic expansion shows, in particular, the reason why (0.46)
is not an appropiate form of asymptotic expansion of solutions to a homogeneous
equation in case of cuspidal singularities of higher order. It is clear also that for any
k > 1 solutions to a homogeneous equation have asymptotic expansions of the form

k

u(z,0) =exp {Z %} szjaj ()

J=1 7=0

with infinite series on the right. So, we see that, in the case of cuspidal singularities,
the application of the resurgent analysis (that is, resummation of divergent power
series) is nesessary even for solutions to homogeneous equations.

0.2.3 Stokes phenomenon. Generalizations

Let us consider in more detail the above obtained asymptotic expansion (0.32). The
first sum on the right in this asymptotic relation is not of interest for us since it
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corresponds to solutions of a homogeneous equation (clearly, the set of integers k
involved into this sum must be bounded from below). However, the second and the
third terms on the right in (0.32) need more detailed analysis.

1. Let us suppose that the numbers Sy involved into relation (0.32) are ordered
in such a way that

Re Sy < Re Spn for E < k.

Then all terms of the series

P Z agl) () (0.54)

have larger order than all terms of the series

o0

P52 Z a;?) (), (0.55)

=0

and so on. Therefore, the sense of asymptotic expansion (0.32) becomes unclear.
Actually, if some expression is an asymptotic expansion in the usual sense, one has
to consider its terms one-by-one in such a way that the order of each next term is less
than the order of the previous one. However, in the considered case, it is impossible
since the series (0.54) has the infinite number of terms and we shall never reach any
term of the series (0.55) during the described step-by-step procedure. The situation
with the term .
r=5() Z a; (¢)In "

J=1

is even worse, since the position of the number Re S (¢) on the real axis with respect
to positions of the numbers Re Si, £ = 1,2,... can be different for different values
of ¢ (the so-called change of the leadership; this position determines the order of
the considered term with respect to orders of all the rest terms of the asymptotic
expansion in question).

If the series involved to any term of asymptotic expansion were convergent, one
could improve the situation by extracting from the expanded function the sums of
terms having the greater order and then considering the terms of the greatest order
in the remainder. Unfortunately, the corresponding sums are, as a rule, divergent,
and this simple scheme does not work. The other way to overcome the mentioned
difficulty is to resummate the series of the greatest order, that is, to consider some
function (not formal series!) having the given asymptotic expansion, and then to
use the scheme described above for the case of convergent series. One should have in
mind, that the resummation procedure is not unique, and that the terms of the series
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which have the less order depend on the resummation procedure used for terms of
higher order. (For bad resummation procedure the further terms of the asymptotic
expansion can even not to exist!) The procedure we shall use for resummation
connected with the so-called resurgent representation introduced by B. Sternin and

V. Shatalov (see [25].)

2. The another feature of the asymptotic expansions of the considered type is
that the resurgent asymptotic expansion of some function u (r, ¢) (say, of a solution
to equation (0.17)) can be changed by jump at some values of the variable ¢. To
understand the reason of this phenomenon (known in the literature as the Stokes
phenomenon), let us consider a WKB-element of power growth given by

m {(NJ (Z,g@)} = —,/TZﬁ(Z,@) dz, (0.56)

where the integration contour I' is a contour of the special kind encircling the point
of singularity s = pS (). Then this element has the asymptotic expansion involving
exactly one term of the form (0.56) on the right in (0.24). Now let us suppose that
the variable ¢ is changed in such a way that some point of singularity z = 57 (¢) of
the function U (z,¢) (different from z = S ()) intersects I'. Then this second point
of singularity will extract the additional contour I from the integration contour I,
as it is shown on Figure 0.6°. Thus, after this intersection one obtains a function
with asymptotic expansion consisting of two terms of the form (0.24). This is exactly
the Stokes phenomenon.

>The number of extracted contours depend on the global structure of the Riemannian surface
of the function U (s, ¢, p); we consider here the typical situation.



36 INTRODUCTION

Figure 0.6. Stokes phenomenon.

0.3 Finiteness theorems (Fredholm property)

0.3.1 Asymptotic behavior and statements of the problem

In this section, we shall show on the concrete example how the knowledge of the
asymptotic behavior of solutions to a differential equation on manifolds with singu-
larities affects statements of the problem for such equations in function spaces. As
a byproduct, we shall see that the asymptotics of solutions at one of singular points
determines uniquely that at the others. Since the considerations are quite similar
in conical and cuspidal cases, we shall consider only the conical case.

1. First of all we remark that the choice of function spaces for a differential
equation strongly depends on the behavior of solutions to these equations in a neigh-
borhood of their singular points. Namely, function spaces used in the investigation
of a differential equation must contain solutions to the corresponding homogeneous
equation. Moreover, these spaces must be scaled in such a way that the obtained
space scale separates different solutions to the homogeneous equation (and, clearly,
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encounters in the appropriate manner the smoothness of these solutions). Since in
the case of manifolds with conical singularities, as we have seen in the preceding
section, solutions to the homogeneous equation have power behavior in the variable
r near singular points of the underlying manifold M, all the above requirements
are satisfied if we use the two-parameter scale consisting of the so-called weighted
Sobolev spaces H? (M) locally defined by the norm

00 s/2 2

a\’ dr

2 = | I A —

HUHM /r ( <r8r> + Q) u .
0

Ly (€2)

near singular pointe of M, and coincides with the standard Sobolev spaces H® (M)
outside the set of singular points. Here s and ~ are real parameters, and Ag is a
positive Beltrami-Laplace operator on the base € of the corresponding cone. This
scale measures smoothness of functions (with the help of the parameter s), and the
behavior near its singular points (via the parameter ~).

2. Let us illustrate the connection between asymptotic behavior of solutions to
the equation
Du=0
and the investigation of the operator of order m
D . H} (M) — H;™™ (M) (0.57)
on a manifold with conical points by a simple example.

Consider the operator

- 1 o 0\ o
D:mko—x)a—x) +a_¢2] (0.58)

given on the surface of the spindle S (see Figure 0.7). Here x is a coordinate along
the axis of the spindle, —1 < x < 1 and ¢ is the coordinate corresponding to the
rotation around this axis. It is easy to check that the full system of solutions to
equation (0.57) for such an operator is

koo
uf (%‘P) = <%jﬁ> eiﬂwv k 7£07

uo(x,c,o):A—l—Bln%tﬁ,

(0.59)

where k is an integer. So, one can see that if a solution to equation (0.57) behaves as
(1+ :zj)k at one of the vertexes ¥ = —1 of the spindle, then this solution necessarily
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Figure 0.7. The spindle.

behaves as (1 — x)_k at the other its vertex # = 1. This fact allows one, in particular,
to investigate the correct statements of the problem for the operator

. o 0N\ o7
Dz((l—x)—) g HS) = Hi(S) (0.60)
(to be short, we had omitted the factor (I — 2?)7? in the expression (0.58) for the

operator D) considered in the weighted Sobolev spaces H:(S), v = (70,71). We
remark that the latter spaces are defined on the spindle S with the help of the norm

1 2n
N\ 5/2 ? dx
2 -2 -2
HWM://h+w)%u—@'“Q—D> wlwg) de oy (06
Z10
Here vy and ~; are weights at points © = —1 and = = 1, respectively.

One of the requirements for operator (0.60) to be an isomorphism is that the
kernel of this operator must vanish. From the other hand, the functions uf (x,¢)
given by (0.59) belong to spaces H3 (S) for 70 < k, y1 < —k (and arbitrary values of
). From this fact it follows that for operator (0.60) to have zero kernel it is necessary
to require that the interval (yo, —y1) does not contain any integer k. Actually, if we

fix the value 7o, then all elements u¥ (2, ) of the kernel with k& > ~o will belong
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Figure 0.8. Kernel, cokernel, and the isomorphism region of the operator a.

to the space H: (5) at the left vertex z = —1 of the spindle S. Later on, as it was
already mentioned, the behavior of the solution uf (x,¢) at the left vertex prescribes
the behavior of this solution at the right vertex. Namely, if the solution is of order
(1 —I-J})k at @ = —1, then it is of order (1 — x)_k at * = 1. Hence, for operator
(0.60) to have the zero kernel, it is necessary to require that all elements of its
kernel uif (x, ) which belong to the space H? (5) at the left vertex 2 = —1 do not
belong to this space at the right vertex @ = 1 of the spindle S. This means that
any value of k subject to the inequality k£ > 79 must satisfy the condition & > —~q,
because the latter inequality is equivalent to the fact that the function uf (x,¢)

does not belong to the space I3 (5) at x = 1. So, the domain on the plane (yo,71)

where the operator D has zero kernel is such as it is shown on Figure 0.8 (the upper
dashed region).
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To investigate the cokernel of this operator we remark that the adjoint operator®
D* . H=>t™ — H=?

is given by the same expression. So, the domain on the plane (7o, 71 ), where operator
(0.60) has zero cokernel is such as it is drawn on Figure 0.8 (the lower dashed region).
Now, combining the two obtained results one can construct the isomorphism
region for the considered operator which is dashed twice on Figure 0.8.
The above analysis shows that
1) Asymptotic behavior of a solution at one of singular points strongly depends
(and, in fact, is determined by the behavior of solutions at other singular points.
2) The asymptotic expansion of solutions near its singular points affects the
correct statements of the problems of the corresponding differential operator.

0.3.2 Operator algebras (point-type singularities)

Here, we shall investigate the solvability of a differential equation on a manifold
with singularities by more regular method connected with operator algebras. To
illustrate the appearence of this notion, we consider again a differential equation on
the surface of the spindle. For convinience we realize the spindle as the following
factor

S = {[0,+0c] x 2} /{[{0} x QU [{+o0} x O]},
where, as above, () is a unit circle. Denote by (r, ¢) the coordinates on S defined by

the above representation (r is a coordinate in [0, +00] and ¢ is an angle coordinate
on the circle), and consider the following differential equation on S:

N>, 0
[<TE> +c 8—992] u=f. (0.62)

Remark 3 One can easily see that this equation is of conical type not only near the
point » = 0 but also near r = +00. Actually, with the help of the variable change
p = r~! the equation is transformed to the form

Swith respect to the paring

27T

<u,v>=/1/u<x,so>v<x,so>d@m.
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which is clearly an equation of conical type.
Remark 4 The operator
. N, 0
D=|r— — 0.63
(r 97“) B (063)

coincides (for ¢ = 1) with operator (0.60). Actually, the variable change

r= 0 +a)(1—2)

reduces the first operator to the second one. Usage of the variable r is more
convenient here for the technique applied below for the investigation of the operator.

1. To solve this equation, we shall use the Mellin transform

o0

i(z,0) = Mlu] = / u (r,¢)

0

dr

7

(0.64)

in the variable r. Let I3 (S) be a completion of the space Cg° ((0,+00) x Q) with
respect to the norm

co 2T s/2 2
A dr
2 -2
Jull, = [ [ (1—(7@) —(%)) w(r0)| La.
0 0
Then, as it is well-known, the Mellin transform M establishes a unitary isomorphism

M HA(S) — H* (L, < Q),

where £, is a vertical line Re z = v in the complex plane C with coordinate z, and
the norm in the space H*® (L. x ) is given by

2 o\ 5/2 2
Al = - S i dz=d
[all} = 9 L4 [z = 75 Uz, )| dzdep.
L, 0
The inverse operator is given by

27
E'Y

M;l [t (z,0)] = —/rzﬁ(z,cp) dz.
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The important fact is that the transform M takes the operator rd/dr into the
multiplication by z, and, hence, one can determine functions of this operator with
the help of the formula

0
() u = MR ()i (2 0)]
ar "
for any function F'(z) regular on the line £, and satisfying the estimate
[F(z)] < C(1+[z))"

for some C' > 0 and m. One can consider even operator-valued functions F (z) with
values in operators on {2 satisfying the appropriate estimates. It is easy to see that
the set of operators F, (rd/dr) form a commutative algebra, and the mapping

Feen (+)

is an algebra homomorphism for each real ~.

Let us now realize the operator (0.63) involved into equation (0.62) as a bounded
operator

D H (5 — H7™2(5), (0.65)

Y0,V1 Yo, 1

where the spaces H _ (S) are defined with the help of the norm

2

o0 s/2
2 _ d\* 0 dr
HuHs,'yO,'yl - /¢70771 (T) (1 - (T% - 8—992 U 77 (066)
0

L2(9)
where the weight function ., ., (r) is a smooth function on (0, +00) such that

Vg (1) = 7727 near r = 0,

Voo (1) = 772" near r = +oo.

Remark 5 Norm (0.66) coincides with the above introduced norm (0.61) with re-
spect to the above mentioned variable change (see Remark 4).

The spaces HJ ., (S) can be described in the alternative way with the help of a partition of

unity (eq (), e1 (7)), where ¢; (r) are smooth nonnegative functions on (0, 4-00) such that eq (r) = 1
near r = 0, and €1 (r) = 1 near r = +00. Namely, norm (0.66) is equivalent to the norm

2
$,%0

2

= lleoulls 5, + llevully .,

2
el o,
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(since these two norms are equivalent, we use one and the same notation for them).

Let us proceed now with solving equation (0.62) (or, what is the same, with
inverting the operator (0.65)).

First of all, we consider the simplest case

Yo =71 =79

In this case, applying the transform M to equation (0.62), we obtain the following
equation on the “weight line” L, :

02 N .
[cza—w*}“:f

Since the operator family
2

czaa—(p2 + 22 (0.67)

is invertible on the circle  for any value of z except for
2=k, keZ, (0.68)

on each weight line £, free of points (0.68) we have

a=R(z)],
where R (z) is an inverse for

2 2
" — + 27,
dp?

. 0
u =R, <TE>JC

(we leave all the needed estimates to the reader). We remark that the family R (2)
is a meromorphic family with poles at points (0.68), and the residues of this family
at these points are finite-dimensional operators.

and, finally,

Even on this simplest example we can see the two substantial features of the
theory of differential equations on manifolds with point-type singularities.

The first is that the equation in question is invertible not for all weights v but
for all except for spectral points of the operator family (0.67); this family is named
the conormal symbol of the considered operator at the corresponding singular point.
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The second is that the resolving operator can be found as a function of the
operator rd/dr with values in the ring of pseudodifferential operators on the base
of the cone.

Let us consider now the more complicated case

707571

(to be definite, we suppose that 7o < v1). Here we see that the “weight lines” L.,
and £, are different, and, hence, we have to use different determinations of the
operator R (rd/0dr) at points r = 0 and r = +oo. Namely, we shall try to construct
the inverse operator in the form

R = Ry (cof) + By (). (0.69)

First, we see that the multiplication by eg is a continuous operator from Hi;gl (5)

to H2-*(S), the operator fm’% is continuous from H*~%(S) to H? (S), and the space
H: (S) is continouosly embedded into the space H3 _ (.5) (since 7o < 71). Hence,
the first summand in (0.69) determines a continuous operator from H>-2 (S) to
[:]ifo (5). Similar, the multiplication by ey is continuous from H?2 (S) to H37* (5),
R., is continuous from H2*(S) to H2 (S), and H2 (S) is embedded continuously
in H? _ (5). Hence, the second summand in (0.69) determines also a continuous

YoM
operator, and, hence, the operator

N

R HT2(S) — HE (9)

Yo, 1 Yo, 1

is a continuous one.
Second, the composition DR is an identity operator:

DRf = DRy (eof)+ DRy, (e1f) = eof +erf = [,
and one has

RDf = Ry (eoDf) + oy, (1DF) = Ry D (o)) + B, D (e1])

where
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Here by [, -] we have denoted the commutator of the operators. Later on, since the
function <{D,el} f> has compact support in (0,+0o0), its Mellin transform is an

entire function F'(z), and we have

A 1

Qf = — /TZ]%(Z)F(Z) dz—/rZ]%(z)F(z) dz
= ZR;S <TZ]% (Z)F(Z)) ,

where the sum is taken over all poles z; of the operator-valued function R (z) lying
between lines £, and L., (hence, this sum is finite). Since the operators involved
in the principal part of the Loran expansion of R (z) are finite-dimensional, one sees
that the operator Q is, in turn, a finite-dimensional one.

So, we have constructed an operator R such that

DR=1, RD=1-Q (0.70)
with a finite-dimensional operator Q From here, it follows that:

i) The operator D has zero cokernel.

i) It has a finite-dimensional kernel and the operator Q is the projector on Ker D.

Actually, the affirmation ) follows from the first relation (0.70). Later on, we
have

O? = <1—1§3D> <1—1§3D> —1-2RD+ RDRD=1-RD =0
since DR = 1, and, hence, Q is a projector. We have
U — Qu = RDu = 0 for any u € Kerf),
and, hence, Ker D C Im Q On the opposite,
DQ:D(l—]%D) = D—DRD =0,

which yields Im@ C Ker ﬁ, and we conclude that Q is a projector on the kernel
Ker D of the operator D.
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The case 79 > 71 can be considered quite similar. The regularizer in this case
has the form

ﬁif = eof%%f + 611—%71 f7

and satisfies the relations
DR=1-0Q', RD=1.

Hence, in this case the kernel of the operator D vanishes, and the operator Q’ is a
projector on the cokernel of this operator.

2. Let us now make some conclusions from the above considered example.

First, in the general case, the questions of uniqueness and solvability for dif-
ferential equations on manifolds with point-type singularities must be replaced by
obtaining finiteness theorems (Fredholm property) for the corresponding operator,
that is, by the investigation of uniqueness and solvability up to finite-dimensional
subspaces of function spaces in question. As it follows from the asymptotic investi-
gation of the kernel of the operator ﬁ, the appropriate function spaces are weighted
Sobolev spaces H? (M) where the weights v can be different for different singular
points of the manifold.

Second, the establishing of the finiteness theorems can be carried out in the
framework of the corresponding operator algebra by means of constructing a regu-
larizer (almost inverse operator) for the operator D in question. In a neighborhood
of any singular point this algebra can be constructed as an algebra of functions
F (r,rd/dr), the symbols F (r,p) being functions with values in the algebra of pseu-
dodifferential operators on the base ) of the cone. The variable r is included for the
consideration of equations with variable coefficients, and the construction of such an
algebra requires the theory of functions of two (or more) noncommutative operators
(noncommutative analysis).

3. To conclude this subsection, we remark that all the above considerations can
be carried out in the cuspidal case as well. To do this, one has to replace the Mellin
transform (0.64) by the Borel-Laplace transform (see [25])

o0

i) =Bl = [exo (B} utne)

0

and, hence, the corresponding operator algebra will consist of operators of the form
I8 (r, rl"'k@/@r) (we omit some technical details concerned with localization of these
notions at the point r = 0; the complete theory will be presented in the main part

of the book).
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0.4 Conclusions

Here, we hall summarize the results of the above examples and to point out the
main notions and tools which will be considered in the main part of the book.

First of all, the investigation of equations on manifolds with singularities can be
divided into the following two steps:

e Investigation of solvability and uniqueness of solutions (more exactly, on this
second step we establish the finiteness theorems for the equation in question).

o Asymptotical investigation of solutions to the considered equation.

Clearly, the two parts of investigation mentioned above are not independent.
Namely, as it was shown in Subsection 0.3.1, the form of asymptotic solutions for
the equation determines the choice of function spaces for the investigation of the
Fredholm property of the corresponding operator. From the other hand, after the
finiteness theorems are established, the question arises whether all solutions to the
equation in the introduced function spaces really have asymptotic expansions ob-
tained on the first stage of investigation. From here, it follows that the tools used
for investigation on the first and second steps mentioned above must be compatible
with each other.

1. Let us consider the asymptotic part of the theory. As it was shown in Section
0.2, the asymptotic expansions for different types of singularities of the underlying
manifold are quite different (by the way, it is clear that the investigation of different
type of singular poits of the underlying manifold requires an invariant definition of
these types). From the other hand, the investigation methods have much in common
for these different situations. In particular, for the complete investigation of behav-
ior of solutions at singular points of the manifold one has to use the resummation of
divergent power series (resurgent analysis), though formally the resummation meth-
ods for different types of singularities have different form. This leads to the nesessity
of working out a general scheme of asymptotic investigation such that all particular
types of singular points can be examined with the help of specializations of this
general scheme. The latter must include the appropriate resummation methods as
well as the tools for investigating such effects as the Stokes phenomenon nesessarily
arising during the asymptotic investigation with the help of the resurgent analysis
(see Section 0.2.3). All the considerations at this step are fulfilled with the help of
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the corresponding resurgent transform (or, more generally, resurgent representation,
see below), and we have to construct the abstract theory of such transforms which
is general enough to include all transforms needed for all types of singularities of
the manifold as its generalization.

We remark also that in the process of asymptotic investigation one shall meet the
phenomenon of ramification of the obtained asymptotic expansions which is strongly
connected with the Stokes phenomenon mentioned above.

2. Let us pass to the consideration of the solvability of differential equations in
question. As it was shown on example from Subsection 0.3.2, this investigation can
be naturally fulfilled in the framework of operator algebras with generators defined
by the concrete type of singular point of the underlying manifold. The main tool
for constructing such algebras is Maslov’s noncommutative analysis with different
types of commutation relations.

Once again, we see that on this step of investigation we meet with large variety
of generators for different types of singular points of the manifold. Hence, we again
come to the nesessity of constructing a general scheme including all this variety as
specializations. Besides, as it was remarked above, the sceme of construction of oper-
ator algebras have to be compatible with the above mentioned scheme of asymptotic
investigation. This means that, in essence, the operator algebras introduced on this
step must be based on the modification of the resurgent representations introduced
on the first step of investigation.

3. So, the presentation of the material in the book goes as follows.

The book has Introduction, Generalities, three parts and two Appendixes.

The first part includes the resurgent backgrounds of the theory. Here we present
the exposition of the resurgent analysis. The aim of this part is to introduce the
reader to the new asymptotical methods so to make the exposition of the theory of
differential equations on manifolds with singularities self-contained. We concentrate
here mainly on the basic ideas and notions, referring the reader to the corresponding
monographs for technical details.

The second part of the book is devoted to the asymptotic theory. Here we sug-
gest (new in the elliptic theory) approach based on the semi-classical methods. This
part contains a general approach to the construction of resurgent solutions by semi-
classical method, which are then detalized on concrete examples. We have chosen
asymptotics near singular points of cuspidal type as example since (in contrast with
conical singularities) this case requires application of resurgent analysis. Moreover,
here we investigate also the so-called asymptotic catastrophes connected with the
methamorphization of resurgent asymptotics for cuspidal singularities into conor-
mal asymptotics for conical ones. One of the chapters (Chapter V) is devoted to
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a very interesting question of interaction of asymptotic expansions in different sin-
gular points of the underlying manifold. In fact, as it is shown in this chapter, the
knowledge of the asymptotics of a solution at one of singular points determines in
fact the asymptotics of this solution at all other singular points of the manifold as
well. Moreover, we present the algorithm of ”"translation” of asymptotic expansions
from one singular point to another.

The third part of the book is devoted to finiteness theorems (Fredholm property)
of elliptic operators both on manifolds with point-type singularities and on manifolds
with edges. Establishing of the Fredholm property for these operators is performed
in the framework of corresponding operator algebras which are constructed in the
unified way, at least for all singularities of isolated type considered. Except for the
proof of finite dimensionality of kernels and cokernels of the corresponding elliptic
operators we obtain here, at last, exact asymptotics of solutions to corresponding
equations. Here also the resurgent analysis and resurgent representations work.
Later on, we construct the theory of deformation of the corresponding operator
algebras. The expressing example of this theory is the proof of the coincidence
of the index of an elliptic operator on manifolds with arbitrary (but topologically
equivalent) type of singularities. For instance, the index of an elliptic operator on a
manifold with cusp-type singularity coincides with that on (topologically equivalent)
manifold with singularity of conical type.

In the beginning of the book we have put the Introduction and the chapter called
Generalities. In the Introduction we have tried to show by simple examples the main
ideas, that is, ideas of resurgent analysis, which form the analytic basis of methods
presented in the book.

In Generalities, we describe the types of singularities we shall deal throughout
the book. The convenient apparatus for this description, similar to algebraic geom-
etry, is the language of ringed spaces. Namely, we describe a singularity in terms
of the corresponding function ring and the structure ring of differential operators.
This language being very adequate and convenient allows to stand the notion of
singularity on the invariant and easily dealt with basis.

The book is concluded by two appendices. First contains the presentation of the
so-called 0/0s-transform which is an important technical tool of resurgent analysis,
and which was successtully used in different problems of constructing semi-classical
asymptotics. The detailed presentation of these and related questions the reader
will find in books [24, 25] by B. Sternin and V. Shatalov.

The second appendix is devoted to the short presentation of the basics of non-
commutative analysis which is the main technical tool in the proof of the finiteness
theorem. The detailed presentation of questions touched in this Appendix the reader
can find in the monographs [5, 9].
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