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Abstract
We study the adsorption–desorption transition of polyelectrolyte chains onto planar, cylindrical and
spherical surfaces with arbitrarily high surface charge densities bymassiveMonte Carlo computer
simulations.We examine in detail how thewell known scaling relations for the threshold transition—
demarcating the adsorbed and desorbed domains of a polyelectrolyte nearweakly charged surfaces—
are altered for highly charged interfaces. In virtue of high surface potentials and large surface charge
densities, theDebye–Hückel approximation is often not feasible and the nonlinear Poisson–
Boltzmann approach should be implemented. At low salt conditions, for instance, the electrostatic
potential from the nonlinear Poisson–Boltzmann equation is smaller than theDebye–Hückel result,
such that the required critical surface charge density for polyelectrolyte adsorption sc increases. The
nonlinear relation between the surface charge density and electrostatic potential leads to a sharply
increasing critical surface charge density with growing ionic strength, imposing an additional limit to
the critical salt concentration abovewhich no polyelectrolyte adsorption occurs at all.We contrast our
simulations findings with the known scaling results forweak critical polyelectrolyte adsorption onto
oppositely charged surfaces for the three standard geometries. Finally, we discuss some applications of
our results for some physical–chemical and biophysical systems.

1. Introduction

The adsorption of charged polymers or polyelectrolytes (PEs) onto oppositely charged planar and curved
interfaces [1–6] attracted the attention of a large number of theoretical [7–34], experimental [35–53], and
computer simulations [54–79] groups over the last decades. Important applications of PE-surface adsorption
include papermaking [80], surface coating [4, 48],metal corrosion inhibition viamultilayered adsorption
[81, 82],flocculation aswell as stabilisation of colloidal suspensions [48, 83, 84], formation of polymer-
nanoparticle composites [85–87], PE-protein [47, 61, 88] and PE-micelle [89] complexation, tomention but a
few. Complexation of PEswith nanoparticles is also employed forwater treatment [90], utilising polymer
flocculation [91]withwater-dissolved particles.Multilayered PE formation on surfaces [35, 92] and hollow
microcapsules [39, 93] has several technological and biomedical (drug delivery) applications [94–97]; see [98] for
functioningmechanisms of polymer-drug conjugates.

Both the limits of strong andweak PE-surface adsorptionwere investigated [5]. For the latter, the
electrostatic (ES) polymer-surface attraction is comparativelyweak and the transition between adsorbed and
desorbed chain conformations is governed by the interplay of the PE-surface attraction and the entropic penalty
of chain confinement in the vicinity of the interface [2, 5], see alsofigure 1. In this weak coupling limit the
transition is quantified in terms of the critical surface charge density sc via its dependence on the reciprocal
Debye screening length,κ.With increasing solution salinity, the screening of attractive PE-surface interactions
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becomes stronger, and the surface charge density necessary to get the polymer adsorbed onto the interface from
the solution increases. The adsorption–desorption transition of polymers near attractive interfaces is also
controlled by the PE charge density, chain bending softness, and temperature [5, 7, 9].

Thewell known result for a uniformlyweakly charged planar interface [7]

( ) ( )s k k~ , 1c,pl
l 3

is based on the eigenfunction expansion of the Edwards equationwith theDebye–Hückel ES potential, see also
[9, 22, 29, 73]. This expansion defines the PE bound states in the attractive potential field of the surface [7–
9, 11, 27, 29]. In these approaches, the latter is computed from the linear Poisson–Boltzmann (PB) theory and
attracts the oppositely charged nearly Gaussian PE chain towards the interface. The scaling relation (1) implies
that the statistical properties of PE chains are approximated by those of infinitely longGaussian neutral polymers
[7, 13, 29]. The analyticalmodifications of equation (1) are known for PE adsorption fromdilute solutions onto
convex cylindrical and spherical interfaces [5, 29] as well as for PEs under confinement imposed by planar and
concave surfaces [30, 32]. The effects of surface curvature [11, 20, 23, 27, 29, 33], image forces [34, 64, 75], and
chargeable surface groups [60] onto PE adsorptionwere studiedwithin the linear ES model.Moreover, some
computer simulations results are available for various structured and patterned surfaces [12, 57, 67], spherical
Janus particles [33], and PE chains with pH-sensitive charge density [59, 62, 63]. The implications of the applied
shear and hydrodynamic interactions onto PE-surface adsorptionwere examined as well [68], see also [99].

In contrast to neutral polymers confined near interfaces [100–102], the adsorption of PE chains onto
oppositely charged surface is controlled by an additional length scale, theDebye screening length, l k= 1D .
Here k p= l n8 B 0 is the reciprocal Debye screening length in symmetric 1:1 electrolyte with salt concentration
n0 and ( )= »l e k TB 0

2
B 7.1Åis the Bjerrum length in the aqueous solutionwith dielectric constant ò= 78.7

and at temperature =T 298.15 K (as used hereafter). At this distance the ES interactions of two unit electric
charges are equal to the thermal energy, k TB . This additional length scale not only dramatically changes the
adsorption properties of individual polymer chains, but also affects the ES interactions between the adsorbed PE
segments along the charged surface [2, 25].

Figure 1. Snapshots of typical PE configurations obtained fromMonte Carlo simulations for a relatively high surface charge density of
σ= 0.5 C m−2 and salt concentration of n0= 0.7 M corresponding to k » 0.27 Å−1. ES surface potentials were obtained from
solutions of the linear and nonlinear PB equation, see appendix. The cylinder and sphere radius is =a 100 Å, the chainmonomer
radius is =R 2 Å, and the intercharge separation along the PE is =b 7 Å. At these conditions, the system is close to the adsorption–
desorption threshold for the nonlinearly treated ES potential, while for the linear ES potential the PE is in the adsorbed state. Video
files illustrating the PE adsorption dynamics for the abovementionedmodel parameters are presented in the supplementarymaterial.
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Anopen question is howdifferent the properties of PE-surface adsorption are for highly charged interfaces,
when the linear PB approximation is no longer valid [103, 105, 106]?How strongly will the relation (1) get
modified? Both in theoretical and experimental literature the canonical cubic scaling of equation (1) is often
used as the asymptote in a broad range of parameters, also for situations when the ES potential is not necessarily
25 mV.

In the current study, we unveil the implications of the nonlinear ES potential distribution emerging near
highly charged surfaces [103, 104] onto the conditions of critical PE adsorption in three basic geometries. The
paper is organised as follows. In section 2 and appendixwe describe some details of the derivation of the ES
potential and our simulations procedure. Themain results are presented in section 3.Wefirst consider PE
adsorption onto the planar interface with the linear and nonlinear ES potentials, section 3.1. The PE critical
adsorption conditions in curved cylindrical and spherical geometries are investigated in section 3.2. The
Discussion andConclusions in section 4 summarise ourfindings and provide some applications.

2.Model and approximations

2.1. Potential distribution
For a planar surface with a charge densityσ the distribution of the ES potential in symmetric 1:1 electrolyte can
be obtained [105–107] from the solution of the nonlinear PB equation

( ) [ ( )] ( )k Y = Yr rsinh . 2r
2 2

Here, the standard dimensionless ES potential is

( ) ( )fY = e k T . 30 B

The solution of equation (2) given in appendix is described by equations (A2), (A23) and (A33) for planar,
spherical and cylindrical surfaces, respectively. Themonomer-surface ES interaction energy near the interface is
just ( )fe r .0 Interactions other than direct charge–charge forces—e.g. van derWaals forces or electrodynamic
fluctuations-induced -r 6 forces [108]—are neglected below.We assume that PE chains in proximity to the
surface do not alter the potential distribution emerging from the interface. Near highly charged surfaces, we also
neglect possible formation of an immobile Stern layer, structuring of ions, surface charge renormalisation, a
lower dielectric permittivity  due to hydration layers, as well as an altered dielectric response [108, 109]. So, we
employ the so called primitivemodel for a structureless electrolyte [110–113], with no explicit solvent or charges
being considered in simulations.

The ES interactions of chainmonomers are computed via summing up the pairwise screenedCoulomb
contributions

( ) ( ) ( )= k-E r e re . 4r
rep 0

2

This implies low-to-moderateManning–Oosawa PE charge parameter [114, 115, 117], x = l bB , where b is the
inter-bead distance, with each beadwith radiusR carrying one elementary charge, e0. For rather long chains, not
too highly charged PEs, and strong screening conditions the repulsion of charges along the chain can be
approximated by this form.

For comparison, we also use in our simulations the ES potential within the linearised PB theory, given
respectively by equations (A5), (A16) and (A28) of appendix for the three standard adsorption geometries. The
ES potentials from the linear PB theory are explicit and easy to implement in simulations [32, 33, 55]. The
potential from the nonlinear PB approach often requires a numerical solution for an implicit ( )sYs dependence,
somewhat complicating the simulations. Specifically, to restore the distance variation of the ES potential for the
planar, spherical, and cylindrical geometries, wefirst systematically evaluate Ys for varyingσ using
equations (A4), (A22), and (A37), respectively.

Note that both the linear and nonlinear PB approaches aremean field theories which neglect ion–ion
correlation effects. The latter become particularly important e.g. in the presence ofmultivalent cations and near
highly charged surfaces [116–118]. Some effects triggered by the binding ofmultivalent cations are the charge
inversion [117] and attraction between likely charged objects such asDNA [29, 109, 119], often emerging due to
correlatedWigner crystal charge density waves on interacting surfaces [65, 109, 117, 120, 121]. Also, at highly
charged surfaces and for the finite-size electrolyte ions, the effects of crowding, space restriction, and steric
interactions can be important. This yields an additional source of nonlinearity in such lattice-gas basedmodels
of electrolytes, producing Fermi-like [110, 122–125] rather than Boltzmann-like charge density distributions in
the Poisson equation. All these additional effects are beyond the scope of the current study. Finally, note that the
nonlinear PB theory generally violates the superposition principle and features some inconsistencies for
calculations of e.g. the ES free energy of charges in electrolytes [109, 126]. The linearised PB approach satisfies
the superposition, but becomes progressively inaccurate for high charge densities [127]. Below,we focus on
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novel physical effects stemming from a different decay law and altered ES potentialmagnitude near highly
charged surfaces, as prescribed by the nonlinear PB approach, onto critical PE-surface adsorption.

The results for the potential variationwith the distance from the surface and the nonlinear coupling of the
surface charge densityσ and surface potential Ys are presented infigure A1 for spherical and cylindrical surfaces.
Starting from the same value on the surface Y = Ys, the nonlinear PB potential variesmuch fasterwith distance
from the surface, as compared to the linear PB result. The solution salinity isfixed here to nearly physiological
conditions, k ~ 1 (10Å).We find also that for smaller surface curvature values a the potential approaches the
farfield asymptote at shorter distances from the surface. On the contrary, for larger radii a the short distance
asymptote reproduces quite satisfactorily also the long distance behaviour of the ES potential. The
approximations for the nonlinear PBpotential near the interface and far away from it are shown infigure A1 as
the dashed asymptotes to the exact nonlinear PB results. The initial faster-than-exponential decrease of the
nonlinear ES potentialwith separation is expected to change also the ( )s kc dependence [5, 29] for strongly
charged interfaces, as we showbelow.

In contrast to the standard linear relation between the surface potential and the surface charge density, the
generalisedGrahame relations for spherical and cylindrical interfaces [103] lead tomuchweaker ( )sY
dependencies for highly charged surfaces, see the bottompanel offigure A1. Thus, a higher ES potential will
emerge near the interface within the linear PBmodel at a givenσ, as compared to the nonlinear PB situation.
Clearly, at smaller interface charge densities the relation between the surface potential and the charge density
obtained from the linear and nonlinear approaches are close to one another. This regime is presented in the
bottompanels offigure A1 as the limit of large area per elementary charge on the interface.

2.2. Simulationmethod
In the current study, we use the same physicalmodel, simulations procedure andPE-surface adsorption criteria
as in our recent studies [32, 33, 77]. In short, the PE chain is describedwithin the bead-springmodel, with each
monomer being a sphere of radiusR carrying the central unit charge e0. The spring force constant is chosen to
yield themean bead–bead distance of Å» »b l7 B. Thus, the counterion condensationwould not occur on
this weakly charged PE,which features the linear charge density just on the onset for counterion condensation
onto an infinitely thin rod, as theManning theory predicts [115]. ES interactions between themonomers are
screenedCoulombpotentials (4), determining also the ES contribution to the chain persistence [5, 13, 33]. In
addition, the hard core repulsion acts between polymer beads, accounting for excluded volume effects,
particularly for compact PE conformations on interfaces.We carried out extensiveMetropolisMonte Carlo
computer simulations in the canonical NVT-ensemble, see [32, 33, 55, 63]. Threemovements of system
components were implemented: (1) randomdisplacement of chainmonomers, (2) randomdisplacement of the
whole chain, and (3) pivot rotation of a chain part around a randomly chosenmonomer [128]. The equilibration
was reachedwith~107 configurations andwe used~108 configurations per particle to calculate the average
quantities.

As discussed in [5, 29, 33, 63], for a given range of surface charge densities the PE chains undergo
discontinuous transitions between the adsorbed and desorbed states. The fraction of configurations in the
desorbed state increases with decreasing surface charge density due toweaker ES attraction of the chain towards
the surface. For a given solution salinity, the critical surface charge density sc was therefore defined as that one in
which half of chain configurations recorded over simulation time is in the adsorbed state. This defines the
position of the adsorption–desorption boundary in the plane of themodel parameters; similar definitionwas
used in [32, 33].

Therefore, we perform the computer simulations for systematically varying surface charge densities, in order
tofind the range ofσ inwhich the coexistence of adsorbed and desorbed states of the chain takes place. Each
simulation is executedwith 107Monte Carlo steps.We identify the range of the surface charge densities inwhich
the fraction of PE configurations in the adsorbed state is between 0.4 and 0.6. To determine the precise value of
sc, we are running ten sets of simulationswithin this preselected range ofσ using different randomnumber seeds
for each set. For each set, the fraction of configurations in the adsorbed state versus the surface charge density
dependence isfitted by a sigmoid function that yields the actual value of sc. In this stage, each simulation is
executedwith 108 steps. The statistical deviations for sc values as calculated over 10 independent simulations are
typically1%.These irregularities are reflected e.g. in themagnitudes of the error bars for sc which are often
smaller that the symbol size, as infigure 3.

Infigure 1 the three basic geometries and typical chain configurations are shown as provided by our
computer simulations.Here, the followingmodel parameters are used: the surface charge density isσ=
0.5 Cm−2, the solution salinity is 0.7 M, and the PE degree of polymerisation is =N 50, both for the linear and
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nonlinear ES potentials. Figure 1 demonstrates that in the case of a nonlinear potential the chain gets adsorbed to
the surface toweaker extent. Generally, lower values obtained for the nonlinear ES potential give rise to higher
surface charge densities required to trigger critical PE adsorption, as compared to a surfacewith the linearly
treated ES potential. The ramifications of this fact is themain subject of the current study.

At this point, we refer the reader to the study [54] as to probably thefirst consideration of PE adsorption onto
planar interfaces with the nonlinear ES potential. Although a detailed consideration of the fraction of adsorbed
monomers as a function of PE ionisation degree as well as the chain end-to-end extensionwas presented in this
study, the explicit question of critical adsorption conditions for the nonlinear ES potential has not been
addressed. That is whywe here exploit this novel element of PE adsorption onto highly charged planar and
convex interfaces.

Let us comment here on relatively high surface charge densities occurring in the text below. For comparison,
the surface charge density of bare phosphate groups on the double strandedDNA is s ~DNA −0.16 Cm−2

[109, 119, 131]. Very high charge densitites are realised e.g. for cement paste particles [129]; their self-assembly
with linear block copolymers in the presence of divalent +Ca2 cationswas examined in [130]. The charge density
of computer simulated cement platelets of up to ∼−0.64 Cm−2 agrees with the estimations for C–S–H
particles,∼−0.8 Cm−2 [129, 130]. Other examples of highly charged interfaces/particles used for PE adsorption
—such as i.a. silica,mica, and polysterene latex particles—can also reach ∣ ∣s ~ 0.1–0.5 Cm−2 [107, 132–135].
For some proteins, the patches of charges on their surfaces reveal large variations, from the charge densities of

∣ ∣s~ DNA to considerably larger values in some cases [136].

Figure 2.PE distributions near charged planar surfaces. The results obtainedwith the ES potentials from the linear and nonlinear PB
equation are shown by open and closed symbols, respectively. Parameters: the surface charge density is s = -0.5 (top panels),−0.1
(middle panels), and−0.06 C m−2 (bottompanels). The solution salinity is = -n 10 M0

3 (left panels) and 0.3M (right panels). The
polymer chain contains =N 50 monomers of radius =R 2 Å.
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3. Results

3.1. Adsorption onto planar surfaces
We start with evaluating the adsorption of a single PE chain onto a planar surfacewith varying charge densityσ.
Infigure 2we showhow the PEmonomer density profile ( )r r near the interface changes for PE adsorption
driven by the nonlinearly (equation (A2)) versus linearly treated (equation (A5))ES potential.Wefind that, in
general, smallermonomer concentrations are systematically observed in the immediate vicinity of the interface
with the nonlinear ES potential. In this case, the PE segments rebind from the interfacemore readily forming
some ‘dangling tails’, whereas for the linear potential the chains are attached stronger to the surface, often only
diffusing along the interface while being fully adsorbed, see the videofiles in the supplementarymaterial. The
difference between the two approaches with regard to ( )r r decreases with increasing salinity, as expected,
compare the left and right panels infigure 2. Considering the polymer distributions obtainedwith the
nonlinearly treated potential at 0.3 Mof salt, the decrease of the surface charge density from s = -0.5
(figure 2(B)) to−0.1 Cm−2 (figure 2(D)) leads to the emergence of a region near the surface ( <r 10 Å)with a
slower decay of ( )r r . Reducing the surface charge density even further, down to−0.06 Cm−2 as infigure 2(F),
the polymer attains a state close to its desorption threshold at this solution salinity. Themonomers assume a
nearly constant concentration in the proximity of the surface, suggesting that the PEnear the interface has a
structure with various looped polymer segments, as detected in simulationswith the nonlinear ES potential.

Infigure 3we present the dependence of sc on the solution salinity. As stated in section 2, for a given salinity
the value sc defines the surface charge density at whichwe detect the same number of configurations in the
adsorbed and desorbed states in the course of simulations. This is achieved via performing computations at
varying charge density tomeet this condition on average (at a given salinity and chain length =L bN ). As we
indicate infigure 3, for the surface charge densities above the transition line the PE chains are in the adsorbed
state due to strong ES attraction to the surface, while below this line the entropic free energy of the polymer
dominates and the chain assumes on average desorbed configurationsmore often. For low salt concentrations
we get a close agreement between the results obtainedwith the linear and nonlinear ES potentials. In this ionic
strength regime, the critical charge density is low enough so that the corresponding ES potentials ( )Y x are close.

The cubic scaling of equation (1) is not recovered here however. Instead, we get aweaker dependence of sc,
namely

( ) ( )s k k~ n 5c

with the exponent n » 1.42 in the low salt limit. As discussed in [9, 33, 73], this change of the scaling exponent
can be attributed to aκ-dependent ES contribution to the polymer persistence length [5, 9, 11, 33] as well as to
some finite length effects. These features are taken into account in computer simulations—contrary to the
theoreticalmodels use to study critical PE-surface adsorption—giving rise to a quite different scaling exponent
than the idealised cubic dependence (1).

In the limit of high salt wefind that for the nonlinearly treated ES potential the desorption transition occurs
at substantially higher surface charge densities, in comparison to the linear PB approach.Due to the nonlinear

( )sY coupling, the growth of the surface potential with the increasing charge density becomesweaker, seefigure
A1. So, the effective density of charges on the nonlinearly treated interface should be larger to reach the same
impact on the PE chain in front of it and ultimately to cause its electrostatically driven adsorption.

Figure 3.Critical charge density sc for PE adsorption onto an oppositely charged plane as a function of theDebye parameterκ. The
polymer has =N 50 monomers with =R 2 Å. The results for ES potentials from the linear (sc

l ) and nonlinear (sc
nl)PB equations

are the open and filled symbols, respectively. Themaximal salinity at which PE adsorption still occurs is indicated by the vertical line.
The error bars are smaller than the symbol size, but increasing as the adsorption–desorption boundary is approached, as expected.
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Furthermore, this fast-growing value of sc at high solution salinities appears to impose a physical limit onto
the ionic strength beyondwhich the adsorption is fully suppressed. This effect is not observed for the linearly
treated ES potential because of the linear relation between the surface potential and the charge density, see
equation (A38). Thismade it possible to increase the surface charge density and always have sufficiently large ES
potentials to stabilise the PE adsorption.

The difference of the results obtainedwith the two approaches can be gauged from figure 4. It illustrates the
ratio between the critical surface charge densities obtainedwith the linear (sc

l ) and nonlinear (sc
nl)PB equations,

both as the functions ofκ. In panel (A), we consider three different degrees of chain polymerisation.Wefind that
the difference between sc

nl and sc
l becomes considerable forκ values larger than (~1 5 Å) for all chain lengths

examined.However, the deviations are highly dependent on the polymer length. Specifically, we find that longer
chains—for which the critical charge density is smaller inmagnitude—reveal smaller deviations in sc, as
expected. The deviations between the two ES approaches start occurring at about the same ionic strength as the
polymer gets ‘flattened’ onto the surface.

One feature of the full nonlinear ES potential is the fact that its variationwith increasing surface charge
density becomes larger in closer proximity to the surface, see the top panel infigure A1. This has vital
implications for the PE adsorption properties, as we show in figure 3 and below.Wefind, for instance, thatwhen
the thickness of the interfacial layer with relatively high values of the ES potential becomes smaller than the
monomer diameter R2 , the changes of the surface charge density onlyweakly affect the attraction of the closest
PEmonomers. This can be seen infigure 4(B)wherewe plot the ratio s sc

nl
c
l for critical adsorption of PEs,

computed for two differentmonomer diameters. Indeed, smallermonomers can approach closer to the
attracting surface, into the regions of higher ES potentials. Thus, the deviations between sc

nl and sc
l start

occurring at higher salinities for the chains with smallermonomers.
We can approximate the behaviour of the critical charge density with the reciprocal Debye screening

parameter by a functional dependence of the form

( ) ( ) [ ] ( )s k s k k~ bexp . 6c
nl

c
l

Here, the exponentβ however depends on themonomer radius and chain length. The simulations data
presented infigure 4 support the phenomenological dependence (6). This exponential variation should
emphasise howunstable the PE adsorption becomes in the nonlinear PB theory for the conditions of large
salinities, when the region of a high ES potential near the interface becomes progressively thinner. Also, wefind
that at a given and relatively largeκ for longer chains the deviations of linear versus nonlinear critical adsorption
surface charge densities are smaller than for shorter chains, see figure 4(A). One of the reasons is that for longer
chains a substantial PE portion far from the interface is still in the region of small ES potential. Finally, the PE
chains with smallermonomers experience deviations in sc for the full nonlinear versus the linearised ES
potential at larger salinities, as intuitively expected, see figure 4(B).

3.2. Adsorption onto curved surfaces
In this section, we address the properties of PE adsorption onto cylindrical and spherical interfaces with the
curvature radius =a 100 Å. Infigure 5we present the results of computer simulations for thewidth of the
adsorbed PE layerw obtainedwith the nonlinearly treated ES potential, see equations (A23) and (A33) for the
spherical and cylindrical surfaces, respectively. The layer thicknessw and the amount of adsorbed polymer are
the PE adsorption observables accessible experimentally via e.g. the ellipsometry and total light reflection

Figure 4.Ratio of critical surface charge densities obtainedwith the linear and nonlinear ES potentials for the planar surface, plotted as
a function of theDebye screening parameterκ. In panel (A), themonomer radius is =R 2 Åand the chain length isN=50, 100, and
200. In panel (B), the chain length is =N 50 and themonomer radii are =R 0.5 and 2 Å. The asymptotes of equation (6) are shown
as the dashed lines for theβ values as indicated in the legend of panel (A).
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measurements [4]. Similarly to our previous studies [5, 29], thewidth of the adsorbed PE layer is computed at the
half height of the polymermonomer density profile, ( )r r . Here and below the results of the PE adsorption for
the linearised ES potential are shown as the open symbols, while thefindings for the nonlinear potential are the
filled symbols. The results for the three standard geometries are designated by the blue (plane), red (cylinder),
and black (sphere) symbols.

As expected, we observe a systematic increase of the PE layer thicknesswwith the ionic strength. This stems
from the fact that at higher salinitiesmoremonomers stay in ‘looped’ and ‘tailed’ conformations, see also [4, 54],
not necessarily very close to the attracting surface. The PE layer thickness is shown infigure 5 for the range of
ionic strengths when the PE adsorption is stable and forσ values well above the adsorption–desorption
transition. In all three geometries, wefind that with increasing σ the fraction of the chains in tailed and looped
states decreases, while the fraction of tightly adsorbedmonomers in ‘train-like’ conformations [4, 86] gets larger.
The same trends are observewhen the screening length decreases, thus facilitating the ES attraction of PEs to the
interface. These pieces of evidence are consistent with the properties of PE adsorption presented in [54] based on
the full nonlinear ES potential.

We also note thatwith increasingκ the polymer-surface ES interactions decrease, as compared to the
entropic free energy penalty in the course of polymer confinement near the interface. The latter depends on the
surface geometry [29] so that for a relatively small surface curvature, the changes in the surface geometry lead to
only slight variations of the layer width, compare the curves for different geometries infigure 5.

Let us now consider the variation of the PE layer thickness with the surface charge densityσ. Some analytical
predictions exist regarding the ( )sw dependencies, namely, the scaling behaviour

( ) ( )s s~ -w . 71 3

is often advocated, see e.g. [2, 5, 29]. The reader is also referred here to our recent study [33] regarding the
thickness of the adsorbed PE layer near the dipolar Janus particles. The results for the PE layer thickness for the
nonlinear ES potential are presented infigure 6. They are consistent with the general trend of equation (7) for
substantial surface charge densities. For progressively lowerσ, however, the layer width grows and ultimately
diverges at the critical point atwhich the transition fromadsorption to desorption takes place. At such conditions,
however, the PE is either in the adsorbed or in the desorbed state, so a statisticallymeaningful determination of
the average PE layer thickness is not possible. Infigure 6, in the region of even smaller surface charge densities,
the polymer chain assumes a desorbed state and the layer widthw becomes effectively infinite, see the last points
computed in the region of smallσ in the corresponding geometry.

The readermay compare our simulations results offigure 6 to the theoretical results of the linear PB theory
presented infigure 5 in [29].We also observe that—as compared to the planar surfacewith the same charge
density—thewidth of the adsorbed layer is slightly larger for the cylindrical and even larger for the spherical
interface. This is in linewith the physical intuition that polymer adsorption onto convex interfaces gives rise to
stronger restriction on polymer conformations, to a higher entropic free energy penalty upon chain
confinement, and thus leads to aweaker attachment of PE chains to the interface. The differences inw become
larger for strongly curved interfaces, as compared to rather large value of surface curvature radius
=a 100 Åused infigure 6 (results not shown).
Finally, we investigate the adsorption–desorption conditions in the three standard adsorption geometries.

Figure 7 illustrates that for low-to-moderate salinities, for these curved surfaces wefind excellent agreement
between the results obtainedwith the linearly and nonlinearly treated ES potentials (details are given in

Figure 5.Widthw of the adsorbed PE layer onto the planar (blue circles), cylindrical (red diamonds) and spherical (black squares)
surfaces as a function of ka, obtainedwith computer simulations for the nonlinear ES potential. The charge density is s = 0.06 (solid
line), 0.1 (dashed line) and 0.5 C m−2 (dotted line). The cylinder and sphere radius is =a 100 Åand the salinity is varied. The chain
containsN=50 beads of radius =R 2 Å.
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appendix). This is similar to the results for the planar interface infigure 3. The scaling exponent ν for the ( )s kc

relation (5) in the low salt regime decreases systematically for the cylindrical and spherical surfaces, in
comparison to the planar interface. This fact agrees with the analytical results of the ground state approximation
for the linear PB equation derived in [29]. At high ionic strengths, in contrast, we observe for the spheres and
cylinders a rapid increase of the critical surface density, qualitatively similar to that observed for the planar
surface infigure 3.

The curvature effects at high salt can be attributed to the salinity at which the abrupt growth of ( )s kc

emerges. For the case of a linear ES potential, in this regimewe observe rather small variations of sc obtained for
different geometries, as shown in figure 7. These are due to curvature effects and larger confinement penalty of
the polymer near the attracting convex surfaces. For the nonlinearly treated ES potential the geometrymediated
deviations in sc become substantially larger. In particular, the simulations reveal that spherical interfaces cease
to adsorb PE chains at lower salinity in this highκ regime, as compared to the cylindrical interfaces. The same is
truewhen comparing the cylindrical and planar interfaces, see the corresponding dotted lines infigure 7(B)
indicating the limiting salinity values for each adsorption geometry.

4.Discussion and conclusions

Wecarried out extensive computer simulations to unravel the properties of electrostatically driven adsorption of
flexible PE chains onto oppositely charged surfaces of arbitrarily high surface charge densities.We used the
known exact solution for the screened ES potential of the plane and approximate solutions of the full nonlinear
PB equation in spherical and cylindrical geometries [103]. Ourfindings revealed a number of important new
features, as compared to the PE adsorption properties expected from the linear PB theory.

Figure 7.Critical surface charge density for PE adsorption onto the planar (blue circles), cylindrical (red diamonds) and spherical
(black squares) surfaces as a function of ka. The notations are the same as infigure 5. Panel (B)magnifies the region inwhich the rapid
changes in sc occur, with vertical dotted lines indicating themaximal salinity still enabling PE adsorption. The cylinder and sphere
radius is =a 100 Åand the salt concentration is varied. The polymer containsN=50 beads of radius =R 2 Å. The results obtained
with the linearly and nonlinearly treated ES potential are shown by open and closed symbols, respectively. On a standard 3–3.5 GHz
workstation every curve on these graphs requires∼150 h of computation time.

Figure 6.Width of the adsorbed PE layer versus the surface charge densityσ for the three adsorption geometries. The asymptote of
equation (7) is the dashed line. The notations for the symbols are the same as infigure 5.Here, the chain of =N 50 beadswith
monomer radius =R 2 Å is immersed into the solutionwith l = 100D Å. The radius of curvature of spherical and cylindrical
surfaces is a= 100 Å.
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In particular, we demonstrated that a nonlinear dependence of the surface ES potential and the surface
charge density lead to an abrupt increase of the critical adsorption charge density at high salinities of the solution.
In the region prior to and at this increase of the critical adsorption charge density, no distinct scalingwith the
solution salinity is detected in simulations, see figure 3. At low salinities, in contrast, the results for the critical
adsorption charge density obtainedwith the linear and nonlinear ES potential treatments superimpose, as they
should. In this limit, the surface charge density required for the PE adsorption is rather small, so the linear PB
theory is valid for ES potential calculations. The full nonlinear ES potential of the adsorbing surface also imposes
a limit onto the ionic strength abovewhich no adsorption takes place at all. This limiting ionic strength depends
on the surface geometry, being smaller for the spherical surface, intermediate for the cylindrical interface, and
maximal for the planar adsorbing boundary, see figure 7(B). In addition, we described the conformations of
partly adsorbed PE chains in terms of thewidth of the polymer layerw near the interface. The results obtained for
the ( )sw dependence from the full nonlinear PB theory are in good agreementwith the general theoretical
predictions, for all adsorption geometries studied.

One immediate application of our results is related to the PEmultilayer formation [31, 35, 37, 38, 137, 138],
governed by ES driven complexation of alternating oppositely charged PE chains and the release of water
molecules forming hydration shells around them, see [2, 92, 96, 139, 140] for the details of physical
complexationmechanisms. For the PE chains adsorbed in suchmultilayers, a systematic andwell controlled
layer growth of oppositely charged polymers is typically achieved at low salt concentrations in the bulk. At these
conditions, rather thin and compact PE layers are formed on the substrate. For the classical example of PAH-PSS
multilayers, themagnitude of voltage variations on the outer PE layer in the course ofmultilayer formation can
reach∼100 mVat 1mMof simple salt [31, 138]. This is clearly beyond the applicability regimes of the linear PB
theory and the full nonlinear ES potential calculations need to be used.

Our results can also help understanding the features ofmacromolecular adsorption onto highly charged
surfaces as found, for instance, on silica nanoparticles. The latter are widely used for themultilayered PE
deposition [25, 35, 141, 142], with the surface chargemagnitudes reaching0.1 Cm−2 [143–145]. The ζ-
potential of silica particles coated by alternating deposition of chitosan and poly-(γ-glutamic acid)PEswas
demonstrated to vary between+60 and−40 mV. These values are again beyond the reach of the linearDebye–
Hückel theory. The nonlinear approach is to be implemented for the quantitative description of potential
variations. Similar values of the ES potential were observedwhen using liposomes as a template to build PE
nanocapsules [146]. Note also the properties of electrostatically driven adsorption of proteins onto highly
charged silica surfaces and inside porous substrates, see [147–149]. At all these conditions, the nonlinear ES
effects can come into play. Thus, close to the adsorption–desorption transition rather small variations of the
ionic strength or pH canmay cause significative changes on PE conformations and alter the basic adsorption
characteristics of PE chains, as we demonstrated in this study.
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Appendix

Here, we present the approximate solutions of the nonlinear PB equation for the distribution of the ES potential
near spherical and cylindrical interfaces.We closely follow the procedure developed in [103, 104] for obtaining
the uniformly valid solutions for the potential and the generalisedGrahame relations on the interfaces. These
approximate potential distributions have the same structure as the one near a planar surface and yield the correct
limiting behaviours both in the closefield and in the farfield regions. The correspondingGrahame relations for
the curved highly charged interfaces are obtained [103] via integrating the PB equation and using the boundary
conditions for the ES potential and its derivative. These relations provide the nonlinear coupling of the surface
charge density and surface potential, in contrast to the linear ( )sYs relation in theDebye–Hückel theory.
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A.1. Planar geometry
We start with the solution for the dimensionless ES potential

( ) ( ) ( )fY = e k Tr r0 B

emerging near a planar surface immersed in 1:1 electrolyte solutionwith the salt concentration n0. This solution
for the nonlinear PB equation

( ) ( ( )) ( )kY = Yx x xd d sinh A12 2 2

at a constant surface potential Ys is thewell known expression from theGouy–Chapman theory of electrical
double layer formation, namely [105, 106]

( ) ( )
( )

( )Y =
+ Y
- Y

k

k

-

-

⎡
⎣⎢

⎤
⎦⎥x 2 log

1 tanh 4 e

1 tanh 4 e
. A2

x

x
s

s

The standard boundary conditions are that the potential at the charged surface assumes the value Ys and far away
from the charged interface the ES potential and its derivative both vanish, ( ) ( )Y = Y =x x xd d 0 at  ¥x .
For the surface charge density being represented as

( )s = e S, A30

where S is the surface per elementary charge e0, theGrahame relation [105, 106] from the nonlinear PB equation
is

( ) ( ) ( )p k = Yl S4 2 sinh 2 . A4B s

Naturally, in the limit of small potentials andweakly charged surfaces, when the linear PB theory of diffuse
double layers is valid and

( ) ( )Y = Y k-x e , A5x
s

this relation turns into the standard

( ) ∣ ( )f ps= -=x xd d 4 . A6x 0

A.2. Spherical geometry
For the spherical geometry in terms of the dimensionless variable [103]

( )k=R r A7

the nonlinear PB equation to be solved becomes

( ) ( ) ( ) ( ( )) ( )Y + Y = YR R R R R Rd d 2 d d sinh . A82 2

Provided the same standard boundary conditions are imposed, introducing new dimensionless variables

( ) ( )x k= -r a A9

and

( )k=A a, A10

we rewrite equation (A8) as

( ) ( ( )) ( ) ( )x
x

x
x

x
x

Y
= Y -

+
Y

A

A

A

d

d
sinh

2 d

d
. A11

2

2

Using the result of thefirst integration of the planar equation (A2) as the initial approximation, namely that
( ) ( ( ) )x x xY = - Yd d 2 sinh 2 , we arrive in the limit A 1at

( ) ( ( )) ( ) ( ( ) ) ( )x x x xY = Y + YAd d sinh 4 sinh 2 . A122 2

The integration of this equation gives

( ) ( )
( ( ) )

( )x
x

x
x

Y
=

Y
+

Y
⎜ ⎟⎛
⎝

⎞
⎠ A

d

d
2 sinh

2
1

2 1

cosh 4
. A13

2

At the interface at x = 0 this yields the next order approximation for theGrahame relation for the nonlinear PB
in the spherical geometry. Namely for the dimensionless surface charge density defined as

( ) ( ) ∣ ( ) ( )x x p s kY = - Y = Yx=I e k Td d 4s 0 0 s B

we get

( ) ( ) ( ) ( ) ( )Y = Y + YI A2 sinh 2 4 tanh 4 . A14s s s
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This relation in the limit of small potentials gives

( ) ( ) ( )Y = Y +I A A1 , A15s s

that is the correct result following from the exact ES potential solution for the sphere [5], namely

( )
( )

( )
( )



ps
k

Y =
+

k- -
r

a

a r

e

k T

4 e

1
. A16

r a2
0

B

After getting the approximate close field solution for the ES potential, we nowfind an approximate solution
in the farfield limit. For this, a new variable ( )s r is introduced to reflect the features of the far field behaviour of
the potential, as known from the linear PB theory (A16). Specifically, we use

( ) ( ) ( )( ( ) ) ( )= ~ k- - - -s r A R r re e . A17R r A r a

In terms of this variable equation (A8) turns into

( ) ( ) ( ( ))
( )

( ( )) ( )Y
+

Y
= Y -

+
+

Ys
s

s
s

s

s
s

A

A
G s

d

d

d

d
sinh

2 1

1
, A182

2

2 2

where the function ( )G y is defined as

( ) ( )
( )

( ) ( )Y =
+
+

+
+

Y -
Y⎜ ⎟⎛

⎝
⎞
⎠G

R

A

A

R
s

s

2 1

2 1

1

1
sinh

d

d
. A19

2

2

In the limit of weakly curved interfaces, i.e. when A 1and in the range ~R A, the last term in equation (A18)
disappears.With the additional substitution of variables =s et its solution satisfying the boundary conditions
has the formof equation (A2) for the planar surface, namely

( ) ( )
( )

( )Y =
+ Y
- Y

⎡
⎣⎢

⎤
⎦⎥s

s

s
2 log

1 tanh 4

1 tanh 4
. A20s

s

Here the fundamental solution of the linear PB equation in the spherical geometry, ( )k- -e ,r a plays the role of the
decaying exponent k-e x in the planar solution (A2), see figure A1.

In the next order perturbation—similar to the procedure of the close field solution of equation (A12)—we
use the solution (A20) to get ( ) ( ) ( )Y » Y - YG sinh 2 sinh 2 . Then equation (A18)with the substitution =s et

can be integrated once to give

Figure A1.Decay of the linear and nonlinear PB potential in spherical and cylindrical geometries (top panels) and the nonlinear
relation between the surface charge density and the surface potential (bottompanels). In the top panel, the linear PB potential is shown
by the red curve, while the full nonlinear PB solution is the solid black curve. The closefield and farfield asymptotes for the ES
potential given by equations (A20) and (A25) and equations (A31) and (A36) for spherical and cylindrical geometries, respectively, are
the blue dashed and green dashed curves. The linear relation (A6) for ( )sYs is the dashed line in the bottompanel. Parameters:
=a 100 Å and k = 1 (10 Å).
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( )
( )Y

=
Y

=
+

Y
+

+
Y

⎜ ⎟⎛
⎝

⎞
⎠t

s
s

A

A

A

A

d

d

d

d

2

1
sinh

2
1

2 1 1

cosh 4
. A21

2 2

From this relation the generalisedGrahame equation is ( )∣ ( )= Y +=I s s A Ad d 1s 1 or in terms of the surface
area per charge

( )
( )p

k
=

Y
+

+
Y

⎜ ⎟⎛
⎝

⎞
⎠

l

S

A

A

4
2 sinh

2
1

2 1 1

cosh 4
. A22B s

2 2
s

This relation yields the correct limits of equation (A14) for a small curvature A 1and of equation (A15) for
small ES potentials Y 1s . Integrating equation (A21)we get the uniformly valid solution of the nonlinear PB
equation in the spherical geometry

( ) ( )Y =
+
-

+

-
+

+

⎡

⎣
⎢⎢

⎤

⎦
⎥⎥s

Bs

Bs

s

s
2 log

1

1

1

1
, A23

B

A
B

A

2 1

2 1

where the functionB depends on the surface potential and has the form

( )
( ) ( )( ( )) ( )

( )

= Y =
Y + +

+ - +
+

Y
B B

A Atanh 4 1 1

1 1 tanh
. A24

A

A

s
s

2 1

1
2

42
s

In the limit of weak potentials the general expression (A23) gives ( )Y » Ys ss , as expected. Also, in the far field
region—when  ¥R and s 0—this expression in the leading order gives the potential variation linear in
variable s, namely

( )
( ) ( ) ( )

( )

Y »
Y

+ - +
+

Y
s

s8 tanh 4

1 1 tanh
. A25

A

A

s

2 1

1
2

42
s

A.3. Cylindrical geometry
Likewise, for the ES potential in the nonlinear PB theory in the cylindrical geometry

( ) ( ) ( ) ( ( )) ( )Y + Y = YR R R R R Rd d 1 d d sinh , A262 2

we introduce a new variable c [103]. It reflects the far field behaviour of the linear ES potential, namely

( ) ( ) ( ) ( )k k=c r K r K a . A270 0

Here ( )K z0 is themodified Bessel function of the second kind. It describes the potential decay from a uniformly
charged cylinder in the linear PB scenario [5]

( ) ( )
( )

( )


ps k
k k

Y =r
a K r

aK a

e

k T

4
. A280

1

0

B

Equation (A26) can then be presented in the form

( ) ( ) ( ( )) ( )
( )

( ( )) ( )Y
+

Y
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c
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c
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2
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2

where the function ( )YH is

( ) ( ) ( )
( )
( )
( )
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Y =
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⎞
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c

1

1
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d
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0
2

1
2

0
2

1
2

In the limit of small curvature A 1 the dependence onA disappears on the right-hand side of equation (A29),
so that one gets ( )Y + Y » Yc c c cd d d d sinh .2 2 2 Its solution in the close field limit is similar to the planar
nonlinear PB solution (A2), namely (see figure A1)

( ) ( )
( )

( )Y =
+ Y
- Y

⎡
⎣⎢

⎤
⎦⎥c

c

c
2 log

1 tanh 4

1 tanh 4
. A31s

s

Using thefirst derivative of this potential, one arrives at ( ) ( ) ( )Y » Y - YH sinh 2 sinh 2 and

( ) ( ) ( ( )) ( )
( )

( ( )) ( ) ( )Y
+

Y
= Y - - Y -
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The solution of this equation is

( ) ( )
( ) ( )( ) ( )
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where the functionD has the form
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In the limit of small potentials equation (A33) yields

( ) ( ) ( ) ( )k kY » Y = Yr c K r K a A35s s 0 0

as it should, see equation (A28). The far field expansion of the ES potential at c 0 has—again similarly to the
spherical geometry—the decay reminiscent to that of the linear PBpotential (A28). Namely, we get

( )
( )

( )
( ) ( )

( )
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( )
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The reader is also referred to the studies [13, 150] for the exact solution for the nonlinear ES potential
distribution around a charged rod in a salt free regime (only the PE rodwith own counterions) in the cylindrical
Wigner–Seitz cellmodel. Finally, the generalisedGrahame relation in the cylindrical geometry follows from the
first integration of equation (A32) using the condition of vanishing potential and its derivative at infinity,

( ) ( )
( )

( )p
k

= =
Y

+
-

Y
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⎝

⎞
⎠I

l

S

K A K A4
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2
1

1
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. A37B s 1

2
0
2

2
s

In the limit of small potentials, the standard relation between the potential and surface charge density

( ) ( ) ( )f s ps k= 4 , A38s

is naturally recovered from equation (A37).
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